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Improving the program in mathematics 


in Oklahoma schools* 


JAMES H. ZANT, Oklahoma State University, Stillwater, Oklahoma. 
As elsewhere, improvement in mathematics 


THE IMPROVEMENT of the mathematics 
program in our schools at all levels is long 
overdue, and the need for it is urgent. An 
improvement program is definitely under- 
way in Oklahoma schools. Many things 
are happening in the field of mathematics 
and mathematics education. From the 
standpoint of content, mathematics is one 
of the fastest growing and most radically 
changing of the sciences. It has been 
described as “the only branch of learning 
in which all of the major theories of 2,000 
years ago are still valid, yet never before 
has there been such a flood of new ideas.”’ 
This involves highly theoretical develop- 
ments, new branches of mathematics 
highly useful in modern life as well as new 
uses for old branches of the subject. In 
many respects mathematics is an entirely 
different discipline from what it was in 
1900 and from what is being presently 
taught in most schools. 

Though much more could be said about 
present-day mathematics and its relations 
to life in the second half of the twentieth 
century, we shall be more interested in the 
recognition this development is receiving 
in the schools and the effect of this in the 
form of changes that are taking place in 
the point of view from which an improved 
program can be taught. Teachers, admin- 
istrators, and patrons have become con- 
cerned about the changing point of view in 
teaching the subject. Men in high places 


* Read on October 1, 1960, to Annual Meeting of 
Oklahoma School Administrators at Norman, Okla- 
homa. 


teaching is taking place in Oklahoma. 


have offered criticisms and suggestions for 
reform, ‘‘often made in most general terms 
in short speeches or published in con- 
densed form—sometimes written by re- 
porters unfamiliar with both new and old 
mathematics.” The panacea is often to 
teach “‘modern’”’ mathematics; more will 
be said about this later. 


THE TRADITIONAL MATHEMATICS 
PROGRAM 


We do have a traditional mathematics 
program in the schools. This involves both 
the content and point of view in teaching 
it. There has been an amazing conserva- 
tism or lack of change in the way mathe- 
matics has been taught in the schools. 
Everyone, whether a teacher or not, is 
familiar with this from his own experience 
with arithmetic in the grade school, and 
with algebra, geometry, and advanced 
algebra in the high school to the calculus 
in college. By some curious coincident the 
field of mathematics, though it has ex- 
panded continuously over a period of 5,000 
years, became a static, almost a stagnant, 
subject in the classrooms of this country. 
Subject matter for mathematics from 
arithmetic through the calculus in college 
was crystallized into its present form ap- 
proximately 60 years ago and has changed 
little since that time. The subject matter, 
which was developed for the most part 
over 300 years ago (in the case of plane 
and solid geometry it was over 2,000 years 
ago), was chosen and its presentation or- 
ganized in accordance with an attitude 
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toward mathematics which no longer holds 
and which has been discarded by present- 
day administrators, teachers, and mathe- 
maticians. With this curriculum and point 
of view mathematics is presented mainly 
as a collection of slightly related tech- 
niques and manipulations. The profound, 
yet simple, concepts get little attention. 
It has been said that if art and art appre- 
ciation “were taught in the same way, it 
would consist mostly of how to chip stone 
and mix paints.” 

In the area of algebra, as an illustration, 
we may say that “at the beginning of the 
nineteenth century, algebra consisted of a 
set of rules and devices for performing op- 
erations on real numbers and symbols rep- 
resenting real numbers (manipulations of 
algebraic expressions), solutions by radi- 
cals of polynomials up to the fourth de- 
gree, and approximate solutions of poly- 
nomials of any degree. This we think of as 
classical algebra; it is the algebra pre- 
sented today in traditional elementary 
textbooks.’ 


MODERN OR CONTEMPORARY 
MATHEMATICS PROGRAM 


The use of the term “‘modern mathe- 
matics” in connection with proposed cur- 
ricula changes in the high-school program 
is unfortunate and often misleading. It im- 
plies that a totally different program is be- 
ing proposed and that it consists of con- 
cepts from the field of mathematics that 
have been developed recently, say the last 
50 years. This is not true. The mathe- 
matics being proposed in the newer pro- 
grams presents essentially the same sub- 
ject matter as before, but it is developed 
from a different point of view and use is 
made of a relatively small number of new 
concepts such as sets, algebraic systems, 
binary operations, axiomatic systems, etc. 
We now believe that the subject should be 
taught and learned-with a conscious em- 
phasis on the point of view that mathe- 

1 Vincent H. Haag, Studies in Mathematics, Vol. 
III, Structure of Elementary Algebra (School Mathe- 


matics Study Group, preliminary edition, 1960), pp. 
1-5. 


matics is concerned with abstract patterns 
of thought or a mathematical structure 
and that by this means students will 
acquire an understanding of and an in- 
terest in mathematics as a cultural as well 
as an applied subject. 

Hence, a modern treatment of algebra 
identifies an algebraic system which con- 
sists of a set, of elements (numbers), a set 
of operations (+, X, —) defined on the 
elements, and properties derived from 
these definitions. By a property of an op- 
eration is meant a relationship among the 
elements and the operation which remains 
true for all the elements of the set. Some 
properties of the set of real numbers under 
the operations of addition (+) and multi- 
plication (X) are closure, commutativity, 
associativity, and distributivity. 

Using the idea of structure and new 
terms, symbols and concepts, when these 
will clarify the discussions, new curricula 
in mathematics for the secondary schools 
have been organized and written. The 
subject matter of these curricula can prob- 
ably be more accurately described as ‘‘tra- 
ditional mathematics which is developed 
from a more up-to-date point of view.” 

A more appropriate phrase to describe 
such a curriculum is A Modern Program in 
Mathematics for the Schools, since the cur- 
riculum is also being revised at the ele- 
mentary level. In the same manner 
one could speak of A Modern Course in 
Algebra, A Modern Course in Geometry, etc. 
The Commission on Mathematics in their 
final report used the phrase A Contem- 
porary Program in Mathematics to desig- 
nate a program suggested to fit the needs 
of students in the second half of the 
twentieth century. They also used the 
term Contemporary Mathematics which 
has many of the drawbacks of the term 
Modern Mathematics. In this paper the 
terms ‘‘modern programs,’ ‘‘modern 
courses,”’ “contemporary programs,” and 
“contemporary courses”’ will be used inter- 
changeably to indicate curricula and 
courses suggested for schools and stu- 
dents now in the schools. 
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The criteria for a modern program in 
mathematics are, as suggested by Profes- 
sor Phillip S. Jones, President of the 
National Council of Teachers of Mathe- 
matics, the answers to the following ques- 
tions: 


1 What topics will best help students to under- 
stand the nature, role and fascination of 
mathematics? 

2 What topics will form the best basis for fur- 
ther studies of students, whether they be mo- 
tivated by necessity or by curiosity? 

3 What topics are most necessary to the future 
citizen’s ability to understand his culture and 
to function effectively in it? 

4 Which of all these topics can be most effec- 
tively studied at the student’s level of ma- 
turity and in the time available? 


The answers to these questions are by no means 
simple or easy. The answer to questions 1 and 
2 must be based on a consideration of what 
mathematics is today, not merely on what is 
new in the mathematics of today. 


The answer to question 2 must also be par- 
tially based on what the college expects of enter- 
ing students. Presently the trend seems to be 
“toward expecting freshmen students to be pre- 
pared to begin with analytic geometry and the 
calculus.’’? 


PROPOSED NEW PROGRAMS 
IN MATHEMATICS 


The need for modernizing programs in 
mathematics and in mathematics teaching 
in the schools is not peculiar to Oklahoma. 
It is well recognized in many parts of the 
United States and something is being done 
about it in a great many schools. Though 
perhaps more work has been done in terms 
of courses and students involved at the 
secondary level, the movement is well de- 
fined and is moving forward at all levels 
from Grades 1 through college. Programs 
involving experimentation and the writing 
of teaching material are being initiated 
and carried on all over the country. One 
list of Studies in Mathematics Education 
includes descriptions of at least 30 such 
programs, including the program of the 


? Phillip S. J doy 42The RPathematics Teacher's 
Dilemma,” The Ufiversity of Michigan School on Edu- 
cation Bulletin, XXX (January, 1959), 65-72. 


“Oklahoma State Committee on the Im- 
provement of Mathematics Instruction.’ 

Because of this rather complete sum- 
mary it will not be necessary here to dis- 
cuss these programs in detail. From the 
standpoint of method and spirit of teach- 
ing they seem to indicate that we must: 


1 Teach students so they will understand the 
principles of the -mathematics with which 
they are working. Learning rules and meth- 
ods of solving problems without understand- 
ing is not enough. 

2 Emphasize the structure of mathematical 
systems as well as the deductive process by 
which the structure is built. All areas of 
mathematics may be used to do this, but 
variations must be made according to the 
maturity and previous preparation of the 
students involved. 

3 Show the students that there are processes 
of discovery and creation followed by mathe- 
maticians before final reorganization into a 
more rigorously logical system. This again 
will vary with the maturity of the students, 
but should add to their understanding and 
appreciation of the subject as well as to 
their proficiency in skills and problem solv- 
ing.‘ 


As to content and organization of the 
school curriculum in mathematics, there 
are still wide differences of opinion. The 
aim of presenting and teaching substan- 
tial mathematics honestly, enthusiasti- 
cally inf a logically, understandably or- 
ganizedtmanner is probably shared by the 
various individuals and groups working in 
this field. It is recognized that every math- 
ematics program must necessarily repre- 
sent a deliberate choice of what is to be 
taught. It seems probable that different 
choices, if well organized, written and 
taught, may accomplish equally well the 
purpose of giving the students an under- 
standing of the nature, role, and fascina- 
tion of mathematics. It should be pointed 
out that many of the individuals and 
groups working on these programs take 
pains to indicate that they do not consider 
the teaching material which they are pre- 


3 Studies in Mathematics Education. A Brief Sur- 
vey of Improvement Programs for School Mathematics 
(Chicago: Scott Foresman and Co., 1960.) 

4 Jones, op. cit., pages 70-71. 
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senting as the only way to teach good 
mathematics to children. They are con- 
cerned with presenting a way which they 
hope will be successful. Common elements 
in the various recommendations seem to 
be: 


1 Some breakup or scattering of topics through- 
out the curriculum. Almost certainly solid 
geometry will be included in the geometry 
course. The geometry course will include 
some reference to co-ordinate geometry; ele- 
mentary trigonometry may be included in 
algebra and geometry; etc. 

2 New approaches to the development of cer- 
tain topics. Examples are the concepts of 
variables, relations and functions via the use 
of sets of ordered pairs of elements; a fuller 
and more adequate treatment of inequalities, 
absolute values, trigonometric functions as 
functions of numbers rather than angles; and 
graphical representations of all of these. 

3 Certain new concepts with their terminology 
and symbolism introduced in such a way as 
to be genuinely useful in clarifying thinking 
in and understanding of elementary mathe- 
matics. Examples are set theory, such related 
ideas of modern logic as sentences, variables, 
and truth sets related to them. 

4 The introduction of some topics, especially at 
the twelfth-grade level, which ordinarily ap- 
pear in college courses. Such topics include a 
careful sequential treatment of probability 
and inferential statistics, some topics in mod- 
ern algebra, matrix algebra, and the calcu- 
lus. In a particular school some of these would 
be viewed as good enrichment and project 
material for superior students. It is generally 
agreed that more flexibility can be allowed at 
the twelfth-grade level but there is consider- 
able disagreement as to just what the pro- 
gram should be. 

5 Time for these changes in content and em- 
phasis, which may be obtained by teaching 
two- and three-dimensional geometry as a 
unit, reducing the amount of time spent on the 
solution of oblique triangles in trigonometry, 
less emphasis on formal drill, including at 
least an introduction to algebra in the eighth 
grade, etc. 


EXPERIMENTAL PROGRAMS 
IN MATHEMATICS IN OKLAHOMA 


There has been some individual experi- 
mentation going on in Oklahoma schools 
at all levels from Grades 1-12. This has 
been isolated in character as individual 
teachers and administrators tried to get 
something underway. It did not seem feas- 
ible, or particularly necessary, to try to 
collect full information on this. It does in- 


dicate that there has been a certain aware- 
ness of the need for a more adequate pro- 
gram in mathematics over the state. 

However, the bulk of the experimenta- 
tion with new programs in mathematics 
has resulted from co-operative efforts be- 
tween the Oklahoma State Committee for 
the Improvement of Mathematics In- 
struction and the School Mathematics 
Study Group. During 1959-60 SMSG 
assigned 7 of its 49 Centers for Teaching 
SMSG Textbooks to this state. These in- 
volved the use in regular classes of text- 
books for Grades 9, 10 and 11. Twenty- 
three school systems were involved with 42 
teachers, 84 classes, and approximately 
2,500 students. Eight college staff mem- 
bers served as consultants. 

This program was considered very suc- 
cessful. Teachers reported much more in- 
terest and understanding on the part of 
these students than did those in classes 
taught from the traditional program. 
School administrators and parents were 
enthusiastic about the program and the 
results obtained. Students seemed to be 
as proficient in the standard skills of 
mathematics as those taking traditional 
courses, though no particular effort was 
made to make comparisons. Preliminary 
comparisons made by SMSG and the Min- 
nesota National Mathematics Laboratory 
also indicate this is the case. Teachers re- 
ported that student ability in handling word 
or “story” problems was outstanding. 

Examination of actual orders sent to 
SMSG for revised copies of SMSG text- 
books for use in Oklahoma schools during 
1960-61 reveals that 52 school systems 
will use the books in some or all Grades 
7-12. The total number of texts ordered 
by Oklahoma schools for next year is 
13,494. This exceeds five times the num- 
ber of books used last year and again (as 
in the case of the Experimental Centers 


for 1959-60) Oklahoma’s use of the books 


exceeds that of any state except California. 
The total number of orders in the entire 
nation was 110,921. Oklahoma’s share was 
more than 12 per cent! 
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When it became known in the spring of 
1960 that SMSG would write teaching ma- 
terial for mathematics in Grades 4, 5 and 
6, Oklahoma was granted permission, 
through the influence of the State Mathe- 
matics Committee, to organize classes in 
8 Points (of the total of 56 Centers and 
Points in the United States) to use the 
teaching material during 1960-61. These 
have been set up and are underway. They 
involve 64 teachers in some 25 elementary 
schools with 2,200 pupils. 

Once it became apparent that a consid- 
erable amount of very carefully written 
teaching material would be produced over 
the country, the State Mathematics Com- 
mittee decided that it could be most effec- 
tive by making Oklahoma a proving 
ground for at least some of the material so 
produced. This decision was re-enforced 
by the realization that writing acceptable 
material in mathematics from a modern 
point of view takes time and skill as well as 
a thorough knowledge of mathematics it- 
self. Busy teachers cannot be expected to 
do this sort of writing. They can render 
valuable assistance by trying out the ma- 
terial, offering constructive criticism, and 
doing rewriting if they can find time for it. 
In the future it may be possible to subsi- 
dize competent teachers and make avail- 
able consultative service so that they can 
do some rewriting of this sort. The Com- 
mittee expects to explore this possibility. 

In Oklahoma, then, we have placed 
most emphasis on the teaching material, 
Grades 4-12, developed by the School 
Mathematics Study Group. There have 
been several reasons for this. We have 
been able to take advantage of SMSG’s 
program of experimentation and the fact 
that some subsidy has been available. 
Other considerations were: (1) SMSG has 
complete teaching material for all grade 
levels; (2) a program initiated in a par- 
ticular school can be continued into the 
next year; (3) a program can be expanded 
to include other schools in the state. The 
success of this idea is indicated by the 
large number of SMSG books ordered in 


Oklahoma this year. We are convinced 
that the books present good mathematics 
which children can understand and enjoy. 


SUMMARY AND IMPLICATIONS 


We may now draw some conclusions 
which may be helpful in iaterpreting and 
in judging the value (now and as it de- 
velops in the next few years) of the move- 
ment to modernize the program for mathe- 
matics in the schools. Improvements made 
will be the result of efforts made by many 
individuals—teachers, mathematicians, 
interested laymen, and organized groups 
of the entire mathematical community. 
Some organized groups have been able to 
make more rapid progress than others. 
This is particularly true of the School 
Mathematics Study Group which in two 
years’ time has been able to organize, 
write, and test in the schools a complete 
set of textbooks for Grades 7-12 and to 
make a substantial beginning on a program 
for the elementary grades. This has been 
true because of superb leadership, their 
policy of taking full advantage of things 
done by other groups and individuals, and 
the fact that the group has been ade- 
quately supported by grants from the Na- 
tional Science Foundation. The following 
implications of this complete effort are 
listed : 

1 It has been recognized that the need for re- 
vised contemporary courses in mathematics 
in the schools at all levels is urgent. 

2 The programs proposed, while not presented 
as the only ways to solve this problem, do rep- 
resent definite ways to make good mathe- 
matical content available to the schools. 

3 The procedure adopted by most, if not all, of 
the groups and individuals is commendable, 
since it has been, from the start, a co-opera- 
tive effort from all parts of the mathematical 
community. Trials in various kinds of class- 
rooms with regular teachers, often over a 
period of years, have been the rule, rather than 
the exception. 

4 The prospect of a complete curriculum with 
carefully written textbooks and teaching ma- 
terial is anticipated with enthusiasm by both 
teachers and administrators. However, the 
desire for an acceptable program should not 
lead to acceptance without a careful scrutiny 


of both content and method and point of 
view of teaching. All working with these pro- 
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grams recognize the need for constructive 
criticism on all phases of the program, and 
teachers have an obligxtion to exercise this 
right. 
The experimental teaching and trials that 
have been done in connection with most of 
the proposed programs represents a signifi- 
cant testing of the teachability of the mate- 
rial under actual classroom conditions. An 
important element of this experimental work 
is that it involves, in a co-operative enter- 
prise, the classroom teacher, the school ad- 
ministration, and mathematicians in college 
and universities. 

6 The existence of teaching material written 
for classroom use under the conditions in- 
volved should make it possible for private 
and independent publishers to move rapidly 
into a complete revision or the new writing of 
commercial books. There are indications that 
this is already underway. One of the stated 
objectives of the SMSG is that their work will 
indicate a point of view useful in the writing 
of commercial textbooks. This may well be 
one of the most significant features of the 
whole program. 

7 A modern program in mathematics estab- 
lished in the schools will tend to force the im- 
provement of mathematics courses and the 
point of view in teaching them on the college 
levels. Such a revision is long overdue in the 
majority of colleges for students of mathe- 


or 


matics, science, and engineering, as well as 
for prospective teachers of mathematics in 
both the elementary and the high school. 

8 The availability of complete sets of textbooks 
and teaching materials for modern programs 
in mathematics for the schools, which are 
acceptable to the mathematical community, 
will go far to encourage action on moderniza- 
tion programs in this field at the state level. 


This paper has dealt with objectives, 
methods of procedure, and the implica- 
tions of recent efforts to develop complete 
contemporary programs in mathematics 
for the schools. These programs are not 
complete, but rapid progress is being 
made. They represent acceptable ways of 
teaching mathematics with understanding 
and interest, and constitute a long step in 
the solution of a very complicated prob- 
lem. Those of us who are familiar with 
what appeared to be promising efforts over 
the last 50 years realize that success is 
often less than is anticipated. Perhaps the 
closer involvement of teachers at local 
levels may be the difference which will en- 
sure the success of this program. 








Letter to the editor 


Dear Editor: 


I submit the following comment on ‘‘Square 
Circles’ by Francis Scheid in the May, 1961 
issue of THE MatTHEmMatics TEACHER: 

Although this article is cleverly written, and 
although it has considerable merit in showing 
the pedagogic possibilities with interesting finite 
geometries, it is marred, in my opinion, by too 
great an emphasis on oxymoron. 

On page 308 we find: ‘“‘The locus of Figure 2 
is unquestionably a circle, simply by definition.” 
Which definition? If ‘‘circle’”’ is defined as a set 
S, finite or infinite, of ‘points’, each of which is 
at a given ‘distance’ from a given point not in 
S’, then, reluctantly or otherwise, we must ac- 
cept the author’s statement. The numerous pos- 
sibilities in the primitives ‘points’ and ‘distance’ 
yield a variety of circle-concepts, one of which 
is the 12-point circle cited. 

Towards the end of page 308 we read: 
“.. where are all the points which are at a 
distance of three from A?... Figure 5 gives 
the picture. Behold the square circle!’”’ We cite 
the justification for calling the figure a square: 
“These twenty-four points also form four 
straight line segments of length six, meeting at 
obvious vertices to form a quadrilateral. Since 
the diagonals of this quadrilateral are of equal 


length, again siz, there is sufficient justification 
for calling it a square. Certainly it looks like a 
square.” 

Since, in the article, no explicit definition 
of ‘square’ is given, it is reasonable to assume 
that the author implies the usual high-school 
geometry definition of ‘square’, which, in one 
form or another, involves the concept of ‘angle’, 
a concept not present in the geometry being 
described. 

Even more objectionable is the pictorial 
appeal, ‘‘Certainly it looks like a square.” Pic- 
torially, certainly Figure 5 does not look like a 
circle! 

The mathematician’s traditionally con- 
servative and parsimonious use of words inira 
mathematics is commendable, but the indis- 
criminate application of Humpty-Dumpty’sdicta 
about words must inevitably lead to difficulties 
and contradictions. 

The unfortunate emphasis placed by the 
author on neologisms and antithesis, such as 
biangle, square circle, and square triangle, de- 
tracts, as I see it, from a very fine presentation 
of recursive relations and generating functions 
in the combinatorial problems posed. 


CHARLES T. SALKIND 


Polytechnic Institute of Brooklyn 
Brooklyn, New York 
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Abstracting, generalizing, 
and exp laining — processes 


or relations? 


KENNETH B. HENDERSON, University of Illinois, Urbana, Illinois. 
Perhaps psychologists have learned so little about ‘“processes”’ 
like those considered herein because they are trying to study 


WHEN ONE READS books on educational 
psychology or methods of teaching, he 
finds defining, generalizing, abstracting, 
inferring, and explaining referred to as 
processes—mental activities carried on by 
a person. This conceptualization has ex- 
isted for a long time, but during this time 
no great strides have been made in acquir- 
ing knowledge about these “processes,” 
particularly the kind of knowledge of most 
value to a teacher, viz., the necessary 
and sufficient conditions for these “proc- 
esses” to be carried on most expeditiously. 
Perhaps this is because the theoretical con- 
ceptualization is not a fruitful one. What 
I propose to do in this paper is to question 
the soundness of this conceptualization 
and then to offer a different conceptualiza- 
tion—one based on modern logic—which 
perhaps may be more fruitful in facilitat- 
ing research than the one that has existed 
for more than fifty years." 


THE LOGIC OF PROCESS WORDS 
AND ACHIEVEMENT WORDS 


The conventional denotation of ‘proc- 
ess’ includes such activities as thinking, 


1 The author wishes to acknowledge the help re- 
ceived in structuring the ideas of this paper from his 
discussions with Professors David Page and Herbert 
Vaughan. 


the elements of the null set. 


studying, running, digesting, eliminating, 
listening, and comparing. Ryle (5, 150)? 
calls the names of processes like these 
task words. Co-ordinate with task words in 
his theory are achievement words like 
‘win’, ‘choose’, ‘hear’, ‘find’ (an object), 
‘solve’, ‘checkmate’, and ‘intuit’. There 
should be no necessary connotations of 
success with achievement words, for an- 
titheses like ‘lose’, ‘not choose’, ‘not hear’, 
‘fail to solve’ and other negations are also 
achievement words. More generally, ‘suc- 
ceed’ and ‘fail’ are themselves achieve- 
ment words. 

Achievement words are names of epi- 
sodes which, as Ryle says, can be dated 
but not timed. They signify more or less 
sudden climaxes or denouements. A uni- 
versal generalization is proved when the 
last necessary statement in the proof has 
been given and not before. Think of the 
difference in significance between ‘search- 
ing for’, a task or process word, and ‘find- 
ing’, an achievement word. In applying an 
achievement word, we imply that over and 
beyond the performance there is a state of 
affairs distinct from the performance. For 
a runner to win he must not only run and 


2 This notation indicates the entry in the reference 
list. The first number designates the book or essay and 
the second designates the page. 
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“hit the tape” ahead of anyone else, but 
he must also be declared the winner.* 

Achievement words connote not just 
acts, exertions, performances or sequences 
of acts, exertions, or performances. They 
connote the fact that the acts, exertions, 
performances, or sequences of these have 
had certain results. Note that whereas we 
say a person has hunted for something 
assiduously or not assiduously, we do not 
say that he has found it assiduously or 
not assiduously. We describe a person as 
listening carefully, thoughtfully, or with 
disdain but not as hearing carefully, 
thoughtfully, or with disdain. More gen- 
erally, adverbs properly used to modify 
task words are not used to modify achieve- 
ment words. 

To explicate further the point made in 
the previous paragraph, we expect a per- 
son who is thinking or arguing to tell us 
immediately and without considering evi- 
dence what he is doing. But we do not 
necessarily expect him to tell us immedi- 
ately and without examining evidence that 
he has justified a decision, solved a prob- 
lem, or proved a theorem. As Ryle says on 
one occasion (5, 151), ‘Achievements and 
failures are not occurrences of the right 
type to be objects of what is often, if mis- 
leadingly, called ‘immediate awareness’ ”’ 
and on another occasion (5, 151), ‘“To put 
it crudely, they [achievement words] be- 
long not to the vocabulary of the player, 
but to the vocabulary of the referee.”’ 

One further difference in the logic of 
task words and achievement words is that 
the former properly have a present con- 
tinuous tense but the latter do not. Among 
the more obvious instances of this are the 
achievement words ‘know’, ‘believe’, ‘in- 
tuit’ and ‘discover’. The present continu- 
ous tense of these verbs simply makes no 
sense.‘ As another instance, although it 

3 “Hitting the tape” first is certainly not the same 
as winning, for there is the possibility of being dis- 
qualified for some violation of a rule. 

4A use such as “I am discovering that if one does 
not master the basic concepts, he will have trouble 
later on’’ is not a counterexample. It merely indicates 


an impoverished vocabulary or mental lethargy in 
hunting for a proper word. 


makes sense to say, “Tom is running”, it 
makes no semantic sense to say, ‘“Tom is 
winning” even though Tom is twenty 
yards ahead of the nearest runner and the 
tape is only a yard ahead of him.' Sim- 
ilarly, whereas it makes semantic sense to 
say, ‘“Tom is trying to prove Theorem 6”, 
it makes no semantic sense to say, ‘Tom 
is proving Theorem 6’’. 


“PROCESSES”? CONCEIVED OF AS 
RELATIONS 


All this lays the foundation for what I 
propose to argue; viz., that terms like ab- 
stracting, generalizing, inferring, explain- 
ing, and justifying (in the sense of giving 
reasons to support a claim to knowledge, a 
belief, or an action) are not fruitfully to be 
regarded as process or task words, that 
is, as names of psychological processes. 
Their logic is more akin to that of achieve- 
ment words. Consider inferring. An auto- 
biographical account of what the person 
is thinking about or feeling does not by it- 
self indicate that he is inferring until he 
comes to a conclusion—the identifiable 
characteristic of inferring. One does not 
generalize until a generalization is reached, 
abstract until the properties common to 
all the elements in the set considered are 
recognized, or infer until a conclusion is 
reached. It is not simply a matter of doing 
something. The doing must have an up- 
shot, have had certain results, or cul- 
minated in a product that satisfies cer- 
tain criteria. While “I am thinking’’, “You 
are teaching”, and ‘‘He is studying” sig- 
nify something which cannot be signified 
as well in another way (save by equivalent 
expressions in another language), “I am 


5 To be sure, people do say, ‘“Tom is winning’’. But 
upon being queried as to what they mean, they prob- 
ably would say, ‘I mean Tom is ahead and probably 
will be the winner’. We do not always have to say 
what we mean for people to know what we mean. 
Mathematics provides lots of evidence to support this 
generalization. “Add 2a+3a” and “invert the di- 
visor’’ are nonsense both semantically and mathe- 
matically. But they are not nonsense pragmatically, 
for both teachers and students behave appropriately 
with respect to them. The point is that when we con- 
sider what is said—not what is meant—the illogical 
nature of the sentence becomes apparent. 
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generalizing’’, ““You are explaining”’, and 
“He is abstracting” signify nothing more 
than “I generalize’’ (or generalized), ““You 
explain” (or explained), and “He ab- 
stracts” (or abstracted). 

In light of the foregoing, it seems rea- 
sonable to argue that the logic of terms 
like ‘explaining’, ‘inferring’, ‘generaliz- 
ing’, ‘abstracting’, and ‘justifying’, which 
are used in talking about learning and 
teaching, is sufficiently different from that 
of terms used to denote cognitive processes 
as to warrant a different theoretical treat- 
ment. The theory of relations permits such 
a treatment. A relation is a set of ordered 
n-tuples; a binary relation is a set of or- 
dered pairs of elements. By proper group- 
ing of the components of the members of 
some relations, we can convert them into 
binary relations. The domain of a binary 
relation is the set of first components of 
the pairs and the counterdomain or range 
is the set of second components of the 
pairs. If A and B denote sets and RF a rela- 
tion between A and B (more precisely, a 
relation in A XB), we write 


R={(x,y)|cGA and (y=R(z))EB}- 


x is replaceable by (a name of) an element 
of the domain of R, viz., set A, and y is re- 
placeable by (a name of) an element of 
the range of R, viz., set B. 

Let us now see how the theory of binary 
relations can be used to explicate abstract- 
ing, generalizing, explaining, justifying, 
and inferring—activities that predom- 
inate in all instruction that is cognitive in 
nature. 

y is an abstraction from x. When we ab- 
stract, we look for similarities amid dif- 
ferences. Given a set of things, we iden- 
tify the properties that are common to all 
the members of the given set. Hence the 
domain of this relation is the set of non- 
singular sets of entities. The range is the 
set of properties. For any value of z, e.g., 
{3, 4, 5, 6, 7,8}, the value of y is the set of 
properties common to all elements of the 
set which replaces z, viz., being a natural 
number greater than 2 and less than 9. 


y is a generalization of x. To take an ex- 
ample, ‘All persons in Illinois are healthy’ 
is a generalization of ‘All persons in Chi- 
cago, Illinois, are healthy’ which, in turn, 
is a generalization of ‘Fifty persons in Chi- 
cago are healthy’. ‘All persons in Illinois 
are healthy’ is also a generalization of 
‘Most high school students in Illinois are 
healthy’ and also of ‘Some men in Illinois 
are healthy’ provided by ‘some’ we mean 
at least one but not all. 

It can be seen that the domain of this 
relation is a proper subset of the set of 
statements. If the first component (value 
of x) of an element of the relation is a 
statement, the second component (value 
of y) is also a statement and the generaliz- 
ing relation is a subset of the Cartesian 
product statements X statements. 

Let us define test set of a statement as the 
set of entities used to determine the truth- 
value of the statement. For example, the 
test set of the statement, All high schools 
in the United States at present offer at 
least one year of mathematics, is the set of 
all high schools in the United States cur- 
rently in existence. By using the concept 
of the test set of a statement, we can see 
a difference between the two components 
of a member of the generalizing relation. 
The test set of the second component is a 
superset of the test set of the first compo- 
nent. 

We also generalize using exhortative 
sentences—sentences containing ‘should’ 
or ‘ought’; e.g., ‘Teachers should keep 
abreast of the changes in the subjects they 
teach’ and ‘We ought not discriminate 
against people because of their race or re- 
ligion’. If the first component of an ele- 
ment of the generalizing relation is an ex- 
hortative sentence, the second component 
is also an exhortative sentence. As in the 
case of pairs of statements, the set to which 
the second component is applicable is a 
superset of the set to which the first com- 
ponent is applicable. 

y explains x or x is explained by y where 
explains=clarifies. In the context of 
teaching, the term ‘explain’ is used ambig- 
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uously. There appear to be three distinct 
uses: 


1 A descriptive use as when a teacher 
says, “‘I’ll explain how to solve a linear 
equation” and then describes what to 
do to solve the equation. Or he gives a 
sequence of prescriptions; e.g., ‘First, 
get all the terms containing the un- 
known on one side of the equals sign; 
second, collect like terms; third, divide 
both sides by the coefficient of the un- 
known,” and so on. 

2 A definitional use as when a teacher 
says, ‘Tom, will you please explain 
what the term ‘relation’ means.’”’? Tom 
gives a correct definition of the term 
and the teacher is satisfied with the 
answer. 

3 A subsumptive use as when a teacher 
says, “‘Will you explain why the set 
{(1, 0), (2, 1), (8, 2), (2, 0), (4, 1)} is 
not a function.” 


The two latter uses are the interesting 
ones for the present discussion. To keep 
the ideas straight, I shall employ the 
technique of using different names for each 
of the relations. I shall call the most gen- 
eral relation: y clarifies + and then sep- 
arate this into two subrelations: (1) y is a 
definition of x; and (2) y explains x. Expli- 
cation of each of these will largely expli- 
cate the more extensive relation y clarifies 
2. 

y ts a definition of x or x is defined by y. 
The domain of this relation is the set of 
terms and the range is uses of the defini- 
endum—the term being defined. The range 
can be partitioned into three subsets de- 
termined by the three uses of a term: (I) 
to denote things named by the term, (2) 
to connote properties possessed by the 
denotata, and (3) to imply other terms. 
Each of these can be regarded as a rela- 
tion and the relation described using the 
concepts of domain and range identified 
above. 

y explains x or x is explained by y. ‘Ex- 
plain’ is used in the sense of telling why. As 
Hospers has pointed out (4), every case of 


this kind of explanation is a case of sub- 
sumption. The exrplanandum—what is ex- 
plained—is shown to be a particular in- 
stance of a generalization. Sometimes the 
generalization is tacitly implied by the 
subsuming statement as in the case of: 


Teacher: ‘‘Why are triangles ABC and 
DEF congruent?” 

Student: “Because each side of AABC 
is congruent to a correspond- 
ing side of ADEF.” 


The generalization that is implied might 
be stated as, “If each side of a triangle is 
congruent to a corresponding side of a 
second triangle, then the triangles are 
congruent.” 

Sometimes the generalization is stated 
and the subsuming statement is tacitly im- 
plied as in the case of: 


Student 1: “Why can we write an equals 
sign between ‘6+4’ and 
“iy Tr" 

Student 2: “If two numerals denote the 
same number, we can write 
an equals sign between 
them.” 


The subsuming statement might be stated 
as ‘‘ ‘6-+4’ and ‘10’ denote the same num- 
ber.” 

Each element of this relation is an or- 
dered pair whose first component (value 
of x) is either a phenomenon or a mathe- 
matical ‘fact’? and whose second com- 
ponent (value of y) is a set of reasons. The 
second component may be a singular set 
as when a person gives only one reason 
why something is the case, or it may be a 
nonsingular set as when a person gives 
more than one reason, often both the gen- 
eralization and the subsuming statement. 
If both the generalization and subsuming 
statement are given as reasons, the value 
of x necessarily follows from the corre- 
sponding value of y. An example is: (Jones 
died., {If a person eats a large amount of 
bichloride of mercury, he dies., Jones ate a 
large amount of bichloride of mercury. }) 
€ explanations. 
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By a restriction of the field of the rela- 
tion, one can distinguish between true ex- 
planations, that is, those in which the rea- 
sons both stated and implied are true; false 
explanations, that is, those in which at 
least one of the reasons is false; and ex- 
planations consisting of reasons, the truth- 
value of one of which is unknown. 

y justifies x or x is justified by y. Justifi- 
cation consists in giving reasons to sup- 
port a knowledge claim, a belief, an action 
either proposed or accomplished, or a de- 
cision. Following Feigl (1), the set of 
justifications can be partitioned into two 
subsets: (1) justifications of claims to 
knowledge or beliefs concerning the truth- 
value of a statement, or (2) justifications 
of beliefs concerning what is right, good, 
beautiful, or ought to be done, and justifi- 
cations of decisions that have been made 
or actions that have been performed. 
Feig] calls the former validations, the 
latter vindications. If each of these relations 
is explicated, the union of the two (namely, 
y justifies x) is thereby explicated. 

y validates x or x is validated by y. Ex- 
amples of this eventuate when one an- 
swers the questions, “How do you know 
that Illinois is east of Iowa?” or “How do 
you know that +/2 is not a rational num- 
ber?” Each of the elements of this relation 
is an ordered pair whose first component is 
a statement such that the second com- 
ponent is a set of statements serving as 
evidence or grounds for the first com- 
ponent. If the first component is a con- 
tingent statement, the second component 
will be a set of contingent statements. If 
the first component is an analytic state- 
ment (more precisely, a statement which 
we expect to prove to be analytic), the 
second component will be a set of analytic 
statements—theorems or postulates—or 
definitions. In this case validation is iden- 
tical with proof. 

y vindicates x or x is vindicated by y. In 
this relation z is replaceable by a sentence 
in which something is rated by means of 
words like ‘right’, ‘good’, or ‘beautiful’ or 
their opposites; or the words ‘ought’ or 


‘should’ are used to indicate a preference 
for a particular action. Examples of possi- 
ble values of x are ‘Mathematics ought to 
be taught in the schools’, ‘Lying is 
wrong’, ‘The Mona Lisa is a beautiful 
painting’, and ‘It is a good idea to check 
your answers’. 

y is replaceable by sets of statements 
serving as evidence or grounds for z. As in 
the case of validation, a set which is a 
value of y may be a singular set—a set con- 
sisting of only one statement; or the set 
may be nonsingular as is often the case 
when involved vindications are attempted. 

y ts inferred from x. Replacements of y 
(that is, the range of the inferring rela- 
tion) come from the set of statements or 
quasi statements. The latter are sentences 
that are sometimes used to make a state- 
ment (e.g., “This proof is elegant’, where 
‘elegant’ has a precise definition) and 
hence have a truth-value. But they are 
not always used to make a statement, 
that is, to describe some state of affairs. 
Sometimes they are used to make a value 
judgment; e.g., Equality of educational 
opportunity is right. Or they are used to 
suggest what ought to be done; e.g., One 
year of mathematics should be required 
for graduation from high school. 

Replacements of x (that is, the domain 
of the inferring relation) come from the 
set of sets of statements offered as reasons 
for y. Values of x may be singular sets or 
nonsingular sets. 

Note that the inferring relation is de- 
scribed so as to include inferences which 
cannot be justified by any valid inference 
formula as well as inferences which can be 
justified by showing that they fit some 
valid inference formula. This was done 
because people use both kinds. 

It should also be noted that generaliz- 
ing, explaining, and justifying are subre- 
lations of inferring. 


JUSTIFICATION OF THIS 
CONCEPTUALIZATION 


To someone who appreciates structure, 
the preceding theory may be appealing. It 
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places concepts in a subsumptive and de- 
ductive organization. Moreover, it per- 
mits employment of the theory of rela- 
tions. For example, the converses of ab- 
stracting, generalizing, and inferring can 
be interpreted respectively as exemplify- 
ing, restricting, and implying (as this term 
is popularly used). To take another ex- 
ample, since we know how to determine 
whether or not two relations are identical, 
we know that the relation of meaning is 
not the same as the relation of picturing. 
Yet some of the advice proffered on teach- 
ing reading seems to be based on the as- 
sumption that these two relations are 
identical. And some of the explications of 
meaning one hears in discussions and 
reads in articles also seem to be based on 
this same gratuitous assumption. 

The properties of reflexivity, symmetry, 
and transitivity can be used to clarify 
various relations. For example, those rela- 
tions whose domains and ranges are dis- 
joint (e.g., abstracting, denoting, and con- 
noting) are irreflexive and asymmetric. 
Generalizing in the set of statements is ir- 
reflexive, asymmetric, and transitive. The 
relation x means the same as y in the set of 
terms is reflexive, symmetric, and transi- 
tive and hence is an equivalence rela- 
tion. The relation x means y is irreflexive 
and asymmetric and hence not an equiva- 
lence relation. 

The theory is not inimical to learning 
theory. It is particularly appropriate to a 
sophisticated theory like Guilford’s (2), 
(3). Guilford conceives the intellect essen- 
tially as the triple Cartesian product: 
products X contents Xoperations. Space 
does not permit an elaboration of his the- 
ory. Suffice it to say that to him products 
denote units, classes, relations, systems, 
transformations, and implications; con- 
tents are figural, symbolic, semantic, or 
behavioral; and operations consist of cog- 


nition, memory, divergent thinking, and 
convergent thinking. While he uses the 
layman’s concept of a relation, the con- 
ceptualization I have proposed could 
easily be incorporated in his theory and 
should enhance it. 

Existing pedagogical theory is diffuse, 
lacks structure, and is beset with semantic 
confusion. It may just be that these are 
among the reasons for such slow progress 
in research in methods of teaching. Per- 
haps psychologists have learned so little 
about ‘“‘processes” like those considered 
herein because they are trying to study the 
elements of the null set. 

Will this conceptualization result in 
more definite research? I do not know at 
present. But I do know that those areas of 
empirical knowledge which are character- 
ized by the greatest progress in research 
are also characterized by clearly formu- 
lated and structured theories. There is 
scarcely anything as fruitful as a good 
theory, for it is the source of ideas— 
hypotheses that lend themselves to testing 
empirically. Perhaps a different concep- 
tualization of abstracting, generalizing, ex- 
plaining, et al. may be the catalyst we need 
for definitive research. 
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Probability and the radioactive 


disintegration process 


JOSEPH F. MUCCI, Vassar College, Poughkeepsie, New York. 
An application using the mathematical topics of probability, 


Ir HAS BEEN USEFUL in the teaching of 
science or mathematics to consider the 
radioactive disintegration process from 
the standpoint of simple probability the- 
ory and to arrive at the mathematical ex- 
pression for this process. 

In the radioactive disintegration proc- 
ess specific elements undergo a spontane- 
ous breakdown. Different elements from 
the “‘parent’’ radioelement appear and are 
usually, themselves, radioactive, and they 
in turn disintegrate to produce still other 
elements. The process is due to the insta- 
bility of the nuclei involved. The rate of 
disintegration or decay varies with the 
particular radioactive element. Some radi- 
oactive elements have a slow rate of de- 
cay (millions of years) and others survive 
for only a fraction of a second. 

It has been pointed out (1, 2, 3, 4) that 
the radioactive decay process can be de- 
scribed in terms of probability. If we let p 
equal the probability that a certain atom 
of a radioelement will decay in a given 
time interval, At, and assume that p is de- 
pendent only on the length of the time 
interval, At, then 


p is proportional to At (1) 


if At is a short interval of time. We can 
then say that 


p=kAt (2) 
where k is a proportionality constant and 


depends on the radioactive atom in ques- 
tion. 


the binomial theorem, and the number e 


If the disintegration process is to be con- 
sidered from the standpoint of probabil- 
ity, we know from probability theory that 
the probability of a radioactive element 
not disintegrating in the At interval is 
(1—p). The probability of the atom not 
disintegrating in the next At period is also 
(1—p). We also know that the probability 
for the given atom to survive the first and 
second intervals of time, At, is given by 


(1—p)’. (3) 
If p=kAt, then (3) becomes 
(1—kAt)?. (4) 


Now if we consider n such intervals of 
time, the probability for survival becomes 


(1—kAt)". (5) 


If we consider n intervals each of length 
At then the total time, 7, is equal to nAf. 
Using this equality, we can substitute in 
(5) and obtain 


kT\" 
n 


as the probability that the atom will re- 
main unchanged after time T’. 

We can readily see from (5) and/or (6) 
that when Af—0 we can say that the prob- 
ability that the atom will remain un- 
changed in time T' is the 


k n 
lim (1 -“*) ; (7) 
n+2 n 


606 The Mathematics Teacher | December, 1961 








Thi 
pro 


lin 


n-* 


+)" 


A 


rn 


NUMERIOAL VALUE OF (|+ 


and 


or tl 


write 


If 
atom 
chan 
the 1 
TF 


or 


If 
ing 2 





) 





This leads to an accurate value for the 
probability since n becomes very large. 
Now we know that 


l n 
lim (1 +-- ‘ 
n2 n 


=e=2.71828 - - - (see Fig. 1), (8) 
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and therefore that 


x n 
lim (1+) =¢@*, (9) 
n> nm 
or that 
2\* 
lim (1-=) =e, (10) 
nc n 


Therefore, from (7) and (10) we can 


write that 
_ (REY 
lim (-— =e—*?, (11) 
n—> 2 n 


If we are dealing with many radioactive 
atoms, say N, the fraction remaining un- 
changed after time T will be N,/N if N; is 
the number of unchanged atoms in time 
T. This means, therefore, that 


N./N=e* 
or 
N.=Ne**, (12) 


If we plot the number of atoms surviv- 
ing against the elapsed time we get the 


typical exponential curve shown in Fig- 
ure 2. From this figure we can tell the 
time required for any particular fraction 
of the total number of atoms to decay. A 
convenient fraction is N,/N=}4, that is, 
the time required for the decay of one-half 
of the atoms of a sample. This time is the 
familiar term “half-life” of a particular 
radioactive element. 

If we take the natural logarithm of both 
sides of equation (12) we have 


In (~)- —kT. (13) 
N 
Now if N,/N =}, then 
In }=—kT 
or 
In 2=&7T. (14) 


Since In 2=0.693, we can write (14) as 


0.693 


T (15) 
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In summary, simple probability theory 
has been used to arrive at the mathemati- 
cal expression for the radioactive disinte- 
gration process. In this approach, e has 
been introduced. A third, simple but im- 
portant topic, the binomial theorem, can 
be utilized to verify (9) and (10). In addi- 
tion, the relationship between the half- 
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life and the constant k (equation 15) is 
arrived at in a simple manner. 
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Trammel method construction 


of the ellipse 


C. I. LUBIN and D. MAZKEWITSCH, University of Cincinnati, 


Cincinnati, Ohio. 


An extension of the trammel method for construction of an ellipse 


THE CONSTRUCTION of the ellipse from its 
principal axes by a trammel method is 
widely used. One way of carrying out the 
construction is by laying off on a strip of 
paper half the minor axis, AB, and half 
the major axis, BC; letting C slide along 
the minor axis and A along the major axis, 
and marking the positions of B to form the 
ellipse. However, the extension of this 
method to the case where conjugate di- 
ameters are given is not so well known. In 
fact, as far as we are aware, this methd is 
not encountered in any books in English 
on analytic geometry or on engineering 
drawing. In a note by Carl Rodenburg in 
“Zeitschrift fiir Mathematik und Physik,” 
Bd. XXIX (1884), p. 255, a trammel 
method construction is given, however 
without analytic proof. We give here a 
somewhat different procedure and include 
an analytic proof of the construction. 


CONSTRUCTION 


Let there be given two conjugate diam- 
eters A,A and B,B of a required ellipse, 
making an angle ¢ and intersecting at O, 
as shown in Figure 1, and with B,B 
<A,A. From B draw a perpendicular to 
A,A intersecting it at D. On DB extended 
lay off BC=OA. Connect C with O and 
extend it as needed (say CC). On the edge 
of a strip of paper mark D’, B’, C’, coin- 
ciding with D, B, C, respectively. If C’ 
slides on CC; and D’ slides on AA, then 
B’ describes the required ellipse. 

The principal axes of the ellipse are de- 


‘termined as follows: On A;A lay off 





Cc 
Fas) 
Y 
4 
77 
Yi 7 
Bigt 
aa if B eae a 
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Figure 1 


OE = DC. With OE as chord draw a circle 
tangent to CC, at O whose center, M, is 
found as the intersection of the perpendic- 
ular bisector of OF and the perpendicular 
to CC, at O. Connect M and A by a line 
intersecting the circle at K and L, where 
L is on the same side of M as A so that 
AL<AK. Then (a) AL and AK are half 
the minor and major axes of the ellipse, 
respectively, and (b) OK and OL are their 
respective directions. 

If the two given conjugate diameters 
should coincide with the principal axes of 
the ellipse, this construction would then 
become the well-known trammel con- 
struction of the ellipse from principal axes, 
mentioned above. In this case while the 
circle construction for the principal axes 
could still be carried through, it would be 
unnecessary since the lengths of the prin- 
cipal axes are known to begin with. Con- 


Trammel method construction of the ellipse 609 





sequently this case is not considered in the 
following; i.e., it is assumed ¢# 7/2 and, 
in fact, for convenience we take ¢< 7/2. 

We now turn to the proof of the correct- 
ness of the constructions. First we show 
that the locus is an ellipse; next the 
lengths and directions of the principal 
axes are found; and then the circle con- 
struction is considered. 


EQUATION OF THE LOCUS 


Given A,A =2a and B,B=2b with O the 
mid-point of each line. As mentioned 
above ZAOB=¢< 7/2. In Figure 2 let 
the designations of Figure 1 still hold and 
let the line NPR represent some general 
position of the strip D’B’C’, with P, the 
point on the locus, corresponding to B’, 
N to D’, R to C’. Introduce rectangular 
co-ordinate axes (z, y) with origin at O 
and with the plus z-axis in the direction 
of OA. Let the line OC make the fixed 
angle y with the z-axis and the line NR 
make the variable angle 8. Write the con- 
stant length NR = DC =) and thus 

OD bcos@¢ 
cot y=— = ° 
DC r 
Next introduce m=b sin ¢ = DB = NP 
then \= DB+BC =m--a. Let T and S be 
the projections of R and P respectively on 
the z-axis. We then have N7T'=X cos 8 














CG 
YY R 
p 8 
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N Ss ‘T OD 
Bi 
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Figure 2 


and TR=x sin 8 so that OT=TR cot y= 
d sin 8 cot Y=b sin B cos ¢ and 


NO=NT-—OT 


=) cos 8—bsin B cos ¢. 


Thus we get 
x=OS=ON+NS 
= (b sin B cos ¢—A cos B)+m cos B 
or, since cos B=V/m?—y?/m and sin 
B=y/m, 
by cos ¢ 


Oe te Es =(m—d)Vm?—y?/m. (1) 
m 


Squaring (1), taking into account that 


A—m=a, we obtain after some manipula- 
tions 


x? cot d cot? @ csc’? @ 
*+y( ae oa ) 


a? oe. 
—1=0, (2) 


re a 2ry 7 o 
2 a? 


corresponding to 
Lz?+2Mary+Ny’?+H =0. 
This is the equation of the locus, an equa- 


tion of the second degree. The discrim- 
inant of this expression is 


w?-LN= woud o- cot? @ csc? o 





a a‘ a*b? 
—csc? o 
=—_——-< 0. (3) 
a’b? 


Hence the curve is an ellipse, and since A 
and B are actual points of the curve (as 
readily seen by substitution of the co-or- 
dinates of A(a, O) and B(b cos ¢, b sin ¢) 
into (2)), it is a real ellipse. 


LENGTHS OF THE SEMI-AXES 
OF THE ELLIPSE 


On rotation of axes to remove the zy 
term, the equation (2) of the ellipse with 
respect to the new co-ordinate axes x’, y’, 
becomes 


a’? y”? 


— = . 
a’? b’2 
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corresponding to 
L'x!?+-2M'2'y’+N'y?+H =0. 


The discriminant of this expression is 











1 
M’?—L’'N’ = eng 
a’? 
while 
a+b" 
L'+N’=- — 
Equating this to the discriminant (3) we 
have 
1/a’*b’? = (esc? p) /a*b* 
or 
a’*b’? = a*b? sin? ¢. (4) 
From (2) we have 
i cot? @ ecsce?d@ a’?+b? 
L+N= a4 +—_ = ——_ csc? 9. 
a? b? a*h? 


On equating this to L’+N’, we get 
a*+b* a”?+b” 
csc? @=- 
ab? a’2b’? 
or by virtue of (4) 
a’?+b?=a’?+b”. (5) 
From (4) and (5) we see that a’? and b” 
are the roots of the quadratic equation 
2?— (a?+b?)z+a*b? sin? ¢=0. 


Therefore, if a’>b’, we have 


2 = (a?+b? + y/a*+2a°b? cos s 26 +b*) 2, (6) 
"2 = (g2+-b?— \/at+2ab? cos 26-+b') /2. (7) 
DIRECTIONS OF THE AXES 


The angle of rotation of axes which re- 
moves the zy term from (2) is the angle be- 
tween a principal axis and an original co- 
ordinate axis. By the usual formula, this 
angle is found from 


—2 cot ¢ 1—cot?¢@ esc? ¢ 
tan 2a =———_ /. A eee 


a* a’ b? 





= —2b* sin ¢ cos ¢/(b? sin? 
— b? cos? ¢—a’) 


= b? sin 26/(a?+b? cos 2¢). (8) 


CIRCLE CONSTRUCTION 


According to the construction given 
below, the points A and FE have the co- 
ordinates A(a, O), E(A, O). The equation 
of the yerpendicular bisector of OE is 
x=/2, while the equation of the perpen- 
dicular to CO at O is 


y= —z cot y=(—2b cos ¢)/d. 


Hence the center M of the circle tangent to 
CO at O and passing through £, i.e., the 
intersection of the above two lines, has the 
co-ordinates x=d/2, y=(—b cos ¢)/2. 
The diameter KL is equal to 20M, 











thus 
KL= 24 cnt — cos? 

= y/a?+2ab sin « o+b? 
since 

A=a+b sin ¢. 
Now, 

AL-AK=AO-AE=ab sin @ 
and 
AL+AK=KL= Va*?+2ab sin ¢+5?, 


so that AL and AK are the roots (the 
smaller and larger respectively) of the 
quadratic equation 


2?— y/a?+2ab sin ¢+b22+ ab sin ¢=0. 


C 








As 











Figure 3 
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If z; and z are the two roots, then 





21, 22=(V/a?+2ab sin +b? 





+ »/a?—2ab sin +62) /2 


and their squares 





21°, 22?= (a? +b? + V/at+2a*b? cos 26+b*)/2. 


Comparing this expression with (6) and 
(7), we see that the assertion (a) is proved. 

Now from the figure we see 2a=0—6 
where 6= Z(x, MA) and 6= Z(z, ME). 


Furthermore we have tan 6=—slope of 
OM, so 
tan = ($b cos ¢)/3d 
=(b cos )/(a+b sin ¢) 


and tan 6=slope of AM, so 


tan 6= (4b cos ¢)/(a—}A) 
= (b cos ¢)/(a—b sin ¢). 
Hence, 
tan 2a=tan (@—85) 
= (b? sin 2¢) /(a?+-b? cos 2¢). 


On comparison with (8), we see that OL 
is the direction of one of the principal axes 
of the ellipse, and hence OK is the direc- 
tion of the other principal axis. 


MAJOR AND MINOR AXES 


We now complete the proof of assertion 
(b); namely, we prove that OL is the 
direction of the major axis. For all posi- 
tions of NR=,, the circles through O, N, 
R are equal, being circles in which a given 
segment (NR) subtends a given angle 
(y). Furthermore, it is readily seen that 
these circles have diameters equal to the 
diameter KL of the construction circle, 
i.e., equal to the sum of the semimajor 
axis and the semiminor axis. When NR 
moves in the region COE, the greater arc 
of the circle NOR passes through O, since 
¥<~7/2. (See Figure 4.) 











Figure 4 


The segment OP always represents the 
radial distance of the point P of the ellipse 
from the center. Now when P lies on the 
line OL, a principal axis of the ellipse, at 
P,, the length of OP; must be either a max- 
imum or a minimum. Hence OL will have 
the same direction as the diameter OQ of 
the circle O, Ni, Ri, (center M;,). Since 
R,ON, is the greater arc, the segment 
OP, is greater than the segment P,Q. 
Hence OP, must be the maximum radial 
distance (and so P,Q is the minimum) and 
thus OL gives the direction of the major 
axis. Consequently, OK gives the direction 
of the minor axis. 


CONJUGATE DIAMETERS 


Finally, it can readily be seen that the 
fundamental lines, AA; and BB,, of this 
construction are conjugate diameters of 
the ellipse 


x'?/q’2+y'2/b’?*=1. 


To recognize this use the theorem: The 
sum of the squares of any two conjugate 
diameters of an ellipse is constant and 
equal to the sum of the squares of the 
axes.! 

1 Cf., Briot et Bouquet, Lecons de Géometrie analy- 


tique (Paris, 1880), p. 156; or D. M. Y. Sommerville, 
Analytical Conics (London, 1924), p. 43. 
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@ EXPERIMENTAL PROGRAMS 


Edited by Eugene D. Nichols, Florida State University, Tallahassee, Florida 


UICSM’s decade of experimentation* 


William T. Hale, Assistant Director, UICSM Project, 


Imaginethat you are visiting a beginning 
algebra class in one of the schools using the 
materials prepared by the University of 
Illinois Committee on School Mathe- 
matics (UICSM). Here is a discussion 
which you might overhear. 


Teacher: We have discovered that the 

numbers with which you have 
been working in earlier grades 
are not adequate for dealing 
with certain problems—problems 
where both an amount of change 
and a direction of change are in- 
volved. To discover that a num- 
ber system is inadequate is not a 
new experience, I’m sure. 
When you first started school 
you could probably count and 
perhaps do a little addition or 
subtraction using what we now 
call ‘whole numbers’. But when 
you met a problem, such as: 


If two boys work together on a 
job and are paid five dollars, how 
much should each get? 


you discovered that your ‘‘whole 
numbers” were inadequate. You 
then learned about a new type of 
number called ‘a fractional num- 
ber’. What did you do with these 


* This article was written with the co-operation 
of Miss Eleanor McCoy. Miss McCoy read the pre- 
liminary manuscript and made many valuable sug- 
gestions for corrections and additions. The section on 
use of materials in schools is from an unpublished 
report by Miss McCoy. 


University of Illinois, Urbana, Illinois 


numbers after you learned about 
them? 

Joe: We learned to add, subtract, 
multiply, and divide them. 

Teacher: That’s right. You learned what 
people meant when they spoke 
about the sum, difference, prod- 
uct, or quotient of two frac- 
tional numbers. 

Mary: And we used pies and sticks to 
help us. 

Teacher: And now, we’ve learned about 
numbers which can be used in 
situations which involve an 
amount and one of two opposite 
directions. Such numbers are 
called ‘real numbers’. 

Bill: Yesterday, we learned how to 
find the sum of two real num- 
bers. Are we going to learn sub- 
traction of real numbers now? 

Teacher: Not right now. First, let’s re- 
view addition of real numbers. 

[The teacher gives the class several exer- 

cises in addition of real numbers, which are 

done mentally. | 

Teacher: What is the sum of negative 
three and positive five? 

Tom: Negative two. 

Sally: Positive two. 

Teacher: Who’s right? 

Andy: Sally gave the right answer. 

Teacher: Why do you think Sally is right? 

Andy: Because positive two is the meas- 
ure of a trip from the starting 
point of a trip measured by nega- 
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Ann: 


Andy: 


Joe: 


Teacher: 


Joe: 


Mary: 


Teacher: 


tive three to the ending point 
of a trip measured by positive 
five. 

Provided the second trip is 
started at the ending point of 
the first trip. 

And that’s how we agreed we 
could find sums of real numbers. 
What is positive 5 multiplied by 
negative 3? 

What do you think is a simpler 
numeral than ‘+5 X~3’? 

I don’t know. The trips won’t 
work. 

Maybe we should try to find a 
use for ‘t5 X~3’? 

We know that’real numbers can 
be used to measure anything 
which involves an amount of 
change and one of two opposite 
directions. What are some such 
situations? 


[Students give several examples. | 


Teacher: 


Bill: 
Suzie: 


Tom: 


Betsy: 


Teacher: 


Let’s think for a minute about a 
pump which can pump water 
either into or out of a tank, and 
a camera which takes a movie of 
the tank while the pump is op- 
erating. Suppose the pump 
works for two minutes at a rate 
of 5 gallons a minute. What is 
the change in the volume of 
water in the tank? 
10 gallons. 
But we don’t know if it’s an in- 
crease or decrease. 
Say, real numbers would be 
handy here. We could use 
positive numbers when water 
flows into the tank 
and 
negative numbers when water 
flows out of the tank. 
Yes, and we could use 
positive numbers for an in- 
crease in the water in the tank 
and 
negative numbers for a de- 
crease in the water in the tank. 
That sounds good. Now, using 


Ed: 


Jim: 


real numbers as suggested by 
Tom and by Betsy, what would 
negative 4 indicate? 

The pump pumping water out at 
four gallons per minute. 

A decrease of 4 gallons in the 
tank. 


[The teacher asks several questions of this 


nature. | 


Teacher: Now, suppose we used a movie 


Tom: 
Pete: 
Sally: 


Pete: 


Sally: 


Joe: 
Pete: 


Sally: 
Pete: 


Sally: 


camera and took a motion pic- 
ture of the tank for 3 minutes 
while the pump was filling it at 
the rate of 5 gallons per minute. 
We could have the film devel- 
oped and projected on a screen. 
What change would you observe 
on the screen? 
An increase of 15 gallons, meas- 
ured by positive 15. 
A decrease of 15 gallons, meas- 
ured by negative 15. 
Oh, Pete, you’re wrong! 
No; see, I imagined the film was 
run backward through the pro- 
jector. 
Say, here’s another use for real 
numbers: 
positive numbers when the 
film is run forward 
and 
negative numbers when the 
film is run backward. 
Positive five times negative three 
is negative 15. 
And negative five times negative 
three is positive 15. 
No Pete, you’re wrong again. 
Well, here’s how I figured it out. 
I figured negative five means the 
pump was emptying at the rate 
of five gallons per minute and 
negative three means the film 
was running backward, so the 
change I would see on the screen 
is an increase of 15 gallons, and 
we agreed to measure that by 
positive 15. 
I guess you’re right. 


[The teacher gives several more problems 
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to the class and the discussion continues 

orally. | 

Pete: I’ve discovered a short cut. 

Teacher: Fine, Pete, but don’t spoil the 
fun @f discovery for the others. 
Just keep it to yourself. Besides, 
you might be wrong. It is now 
near the end of the period. For 
homework read pages 16 through 
20 and write out the exercises on 
pages 21, 22, and 23 through 
Part B. 


This account of a classroom situation pre- 
sents in capsule form examples of two of 
the primary considerations of the UICSM 
mathematics project: encouragement of 
discovery by the student, and delay of 
verbalization of these discoveries. If you 
should visit the same classroom a month 
or two later, you would then witness the 
verbalization of the short cut discovered 
by Pete. But this verbalization comes only 
after varied experiences and a thorough 
treatment of the role variables play in 
mathematical language. 


OBJECTIVES OF THE PROJECT 


Since the UICSM Project was started 
in 1951, it has been developing and test- 
ing an improved curriculum for college 
preparatory mathematics (Grades 9-12). 
At the outset, the staff had three major 
theses: 


1 that a consistent exposition of high 
school mathematics is possible; 

2 that high school students are greatly 
interested in ideas; 

3 that acquiring manipulative skill and 
understanding basic concepts are com- 
plementary activities.! 


In developing course materials in accord 
with these propositions, some ideas from 
contemporary mathematics have been in- 
troduced. The classroom experimentation 
of the past ten years has indicated that 


1 UICSM Project Staff, ‘The University of Illi- 
nois School Mathematics Program,’’ School Review, 
LXV (Winter, 1957), 457-65. 


contemporary mathematics contains much 
that is both interesting and valuable to 
high school students. However, in writing 
the texts, more concern has been given to 
consistency than to modernness. 

The UICSM staff has been concerned, 
also, with the importance of keeping the 
language of textbook and teacher as un- 
ambiguous as possible. Perhaps too much 
was said about this concern in the early 
years, as there has been a great deal of 
misunderstanding about the relative im- 
portance which the UICSM places on the 
use of language. We do consider it im- 
portant that the language of the textbook 
(and the teacher) be clear, concise, and 
unambiguous. After all, a substantial part 
of mathematics teaching consists of in- 
struction in the use of mathematical sym- 
bols. If we wish students to understand 
that there are mathematical ideas and 
that there are symbols for such concepts, 
we must be sure that our exposition does 
not deliberately confuse these two things. 
Please note, however, ‘‘precision in exposi- 
tion is something we expect of the text- 
book and the teacher, rather than of the 
learner. Precise communication is a char- 
acteristic of a good textbook and a good 
teacher; correct action is a characteristic 
of the good learner.’”? 

Precision in exposition is closely con- 
nected with another of our basic consid- 
erations, discovery of generalizations by 
the student. A student entering eighth or 
ninth grade often thinks of mathematics 
as a collection of unrelated rules. (It is to 
be hoped that work being done by such 
groups as the Madison Project and the 
University of Illinois Arithmetic Project 
will improve this situation.) A junior-high 
student has learned that if he remains 
quiet in class and does not ask ‘‘why- 
questions,”’ he will be able to do his home- 
work by imitating what the teacher has 
done in class or by following the rules in 


2 Max Beberman and Herbert Vaughan, Unit 1 of 
High School Mathematics (Teacher’s edition) (Urbana, 
Illinois: University of Illinois Press, 1960), Introduc- 
tion. 
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the book. Although this ‘tell and do” 
method of teaching has turned out some 
high-school graduates who appear to be 
well grounded in mathematics, its effec- 
tiveness is limited. Not all problems can 
be solved by imitation. 

This passive attitude of the student 
must be changed if he is to learn that 
“mathematics is the classification and 
study of all possible patterns.’ So, for ex- 
ample, he must be given opportunities to 
discover and work with number patterns 
and to study and classify the number 
properties exhibited by the patterns. This 
means, of course, that the textbook must 
not give the game away. Too many texts 
have a series of discovery exercises fol- 
lowed immediately by a statement of the 
thing to be discovered. Thus, there is no 
real reason for the student to think. In 
UICSM texts, you will not find rules dis- 
played on pages immediately following dis- 
covery exercises. We feel that it is part of 
the teacher’s job to find out whether the 
student has discovered the correct gen- 
eralizations. Questions and exercises are 
included in the text to aid the teacher in 
this task without compelling the student to 
verbalize his discovery. In fact, premature 
or incorrect verbalization of a generaliza- 
tion may hinder the use of the generaliza- 
tion.*> Of course, precise verbalization at 
some time is necessary for purposes of 
communication and proof, but this ver- 
balization should come only after the indi- 
vidual has become thoroughly familiar 
with the generalization and has had ade- 
quate opportunity to test and refine it.® 
We believe that major emphasis must be 
placed on the student doing mathematics 
(rather than being told). It is only in this 
way that he will develop techniques for 

3W. W. Sawyer, Prelude to Mathematics (Har- 
mondsworth, Middlesex, England: Penguin Books, 
Ltd., 1955), p. 12. 

4 Bert D. Schwartz, “Certain Relations Between 
Verbalization and Concept Formation: The Destruc- 
tion of Ideas by Words,”” Unpublished Ph.D. disserta- 
tion, Princeton University, 1948. 


5 Gertrude Hendrix, “Learning by Discovery,” 
Tue Maruematics Treacuer, LIV (May, 1961), 290- 
ga 


"6 Ibid., p. 292. 


solving new problems for which there is 
no teacher to demonstrate solutions. More 
education and less instruction—more lead- 
ing out of the student and less putting in 
to the student—is one of our major aims. 

It should be evident from the foregoing 
remarks that pedagogical considerations 
are an integral part of the problem of de- 
veloping an improved mathematics cur- 
riculum. And, it was demonstrated in the 
early years of the UICSM endeavor that 
high-school teachers need help in under- 
standing both the newer mathematical 
concepts and the teaching method neces- 
sary to make full use of the course content. 
Accordingly, a program of teacher training 
was seen as not only desirable, but neces- 
sary, if the aim of bringing about improve- 
ment in mathematics education was to be 
achieved. Hence, the training of teachers 
has been, and continues to be, a major ob- 
jective of the UICSM Project. 


NATURE OF THE WORK DONE 


The main activities of the Project staff 
have been the preparation of text ma- 
terials, the development of teaching meth- 
ods, and the training of teachers for a new 
curriculum in college preparatory mathe- 
matics for the secondary school.’ 

The Project staff has developed teach- 
ing units for Grades 9-12 for the college- 
capable student. Units now in use or in 
preparation are: 


Unit Descriptive title 
1 The arithmetic of the real numbers 
2 Pronumerals, generalizations, and al- 


gebraic manipulation 

Equations and inequations; applica- 
tions 

Ordered pairs and graphs 

Relations and functions 

Geometry 

Mathematical induction 

Sequences 

Exponential and logarithmic func- 
tions 

Circular functions and trigonometry 

Polynomial functions and complex 
numbers 


_— © OWN w 


~~ 


7 Support for these undertakings has come from 
the University of Illinois, the Carnegie Corporation of 
New York, the U.S. Office of Education, and the 
National Science Foundation. 
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Units 1-4 (First year), Units 5-6 (Sec- 
ond year), and Units 7-8 (Third year) are 
now available from the University of Illi- 
nois Press.*® 

The Teach@r’s edition of each unit con- 
sists of the Student’s edition, plus Teach- 
ers’ Commentary pages (“green pages’’) 
to be inserted at appropriate places in the 
Student’s edition. The commentary pages 
contain considerable mathematical back- 
ground material and teaching suggestions, 
as well as answers to the problems and ex- 
ercises in the text. 

Since the first “trial classes’ in 1952, 
more than 400 high-school and junior- 
high-school teachers in co-operating schools 
have been directly involved in the work of 
the Project. (A co-operating school is one 
in which the teachers using the program 
have received special training and submit 
reports to the Project Center in Urbana. 
Such schools are visited from time to time 
by members of the Project staff.) These 
teachers have contributed suggestions for 
use in revisions of the texts and Teachers’ 
Commentaries. Also, accounts of their ex- 
periences are transmitted to others through 
the UICSM Newsletter. Some of the par- 
ticipating teachers have conducted in- 
service courses in UICSM materials, 
under sponsorship of a school system or 
university. 

The Project staff conducts an annual 
summer institute in Urbana for the pur- 
pose of training teachers in both the con- 
tent and the pedagogy of UICSM courses. 
In the summer of 1961 there were 225 
teachers enrolled in the Urbana institute, 
under National Science Foundation spon- 
sorship. Project staff members and teach- 
ers from co-operating schools have also 


8 Orders may be sent to the University of Illinois 

Press, Urbana, Illinois. Titles are of the form: 
UICSM. Unit——of HIGH SCHOOL 
MATHEMATICS————_Edition 

Students’ editions (paperbound) are sold at these 
prices: Units 1, 2, 3, 4—-$3.00 per set (Separate units— 
$1.00 each); Unit 5-$1.50; Unit 6-$2.00; Unit 7-$1.25; 
Unit 8-$1.75. 

Teachers’ editions (looseleaf) are priced as follows: 
Units 1, 2, 3, 4-$6.00 per set (not sold separately) ; 
Unit 5-$3.00; Unit 6-$4.00; Unit 7-$2.75; Unit 8- 
$4.00. 


taught UICSM courses in other summer 
institutes.® 


USE OF MATERIALS IN SCHOOLS 


During the academic year 1960-61, 
over 28,000 students were using materials 
prepared by the Project staff. About 
12,000 of these students were enrolled in 
more than 500 classes in co-operating 
schools. (The other students were in 
schools using UICSM materials which 
operate completely independently of the 
Project Center.) 

Units 1-3, although written for use in 
ninth grade with regular college prepara- 
tory classes, are being used in many 
schools with accelerated classes of eighth 
graders. It should be pointed out that 
teachers using Units 1-3 below the ninth- 
grade level are advised to supplement the 
text, when it seems necessary, with work 
on per cent and on intuitive geometry. 
The Project staff advises schools to make 
careful selection of students for classes in 
such an accelerated program; we recom- 
mend that students chosen have IQ scores 
about 120 or above and an arithmetic 
grade achievement score of 8.5 or above. 
(The latter is essential, since many of the 
discovery exercises in Units 1-3 presup- 
pose an ability to compute.) A compari- 
son of results on our Unit tests indicates 
that the eighth-grade students made 
scores as high as, or higher than, the 
students in regular ninth-grade classes. 
Students who study Units 1-3 in the 
eighth grade usually study Units 4 and 5 
in their second year of mathematics; they 
are then ready for Unit 6—Geometry—at 
the tenth-grade level. 

The UICSM program is a four-year se- 
quential program. It is difficult for a 
student or teacher to begin the use of 
UICSM materials at any place other than 
Unit 1. It is equally difficult to attempt to 


® In 1961, such institutes were held at University 
of Arizona, University of Connecticut, University of 
Hawaii, University of Kansas, Rhode Island College 
of Education, Sacramento State College, Wayne State 
University, and Western Washington College of Edu- 
cation. 
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use any single unit to supplement other 
materials being used in a school.!° 

It is possible for an experienced teacher, 
that is, one who has taught UICSM Units 
1—4 for at least two years, to take a class of 
sophomores who have not studied Units 
1—4 and, after some transition work, use 
Unit 5 or Unit 6 with these students. 


FUTURE PLANS 


As new programs now being developed 
for the elementary and junior-high grades 
become more widely used, some of the ma- 
terial now in our earlier units should be- 
come unnecessary. We feel that this is a 
mark of progress in mathematics educa- 
tion in our schools. We, and other groups, 
will then be able to build an even better 
curriculum for the secondary school. 

To meet the growing demand for people 
trained to do the kind of teaching required 
for the UICSM program, improved meth- 
ods for teacher training must be developed. 
We believe that part of such training must 
be the observation of a class of students 
taught by a teacher skilled in the tech- 
niques of discovery teaching. This has 
been partially accomplished by using dem- 
onstration classes at summer and in-serv- 
ice training conferences. One difficulty 
with this approach is that demonstration 
classes are not always available during 
summer sessions or on Saturday mornings. 
For this reason, we have produced a series 
of training films showing a_ beginning 
UICSM class in action. The films have 
been designed to illustrate pedagogical 
techniques, rather than to teach subject 
matter. Plans for the distribution of the 
films are now being made." 


10 However, it is possible for students who have 
completed one or more years of study of the UICSM 
curriculum to change to some other textbook. Several 
students who have moved away from schools using 
our materials have done this without any hardship. 
An analysis of the UICSM textbooks will show that 
they contain most of the traditional topics together 
with some of the newer topics recommended by the 
Commission on Mathematics of the CEEB. 

1 Inquiries concerning the UICSM film series 
should be addressed to Professor Gertrude Hendrix, 
UICSM, 1208 West Springfield, Urbana, Illinois. 


In assessing the current situation in the 
schools of the United States, we feel that 
it is clear that the UICSM along with 
other groups have exerted a profound in- 
fluence on the mathematics curriculum. 
We think the nation’s schools are ready to 
move in larger numbers toward curriculum 
improvement in mathematics. But, the 
problem of bringing about significant and 
widespread changes is still far from solu- 
tion. Many teachers are most reluctant to 
undertake teaching the newer courses. 
From our experience, we have found that, 
in installing new curriculum materials in 
our schools, teachers need training and 
supervision. And, this need is present even 
with materials whose teachability has 
been perfected over many years of careful 
development. 

Because we are convinced beyond doubt 
of the desirability (we might even say, 
necessity) of giving practical, realistic 
training to teachers who are interested in 
using the newer curriculum materials in 
mathematics, we have formulated plans 
for such training. We hope to continue our 
summer institute programs and, as a con- 
comitant part of the training program, 
maintain a supervisory follow-up during 
the academic year following each institute. 
Such supervision would, as in the past, in- 
clude visits to co-operating schools by 
staff members for the purpose of assisting 
teachers (through conferences and demon- 
stration teaching) and informing school 
patrons of the changes taking place, assur- 
ing them of the care with which these 
changes are being made. 
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and place of meeting with the name and address 
of the person to whom you may write for further 
information. For information about other meet- 
ings, see the previous issues of THE MaTHE- 
MATICS TEACHER. Announcements for this col- 
umn should be sent at least two months prior to 
the month in which the issue appears to the 
Executive Secretary, National Council of 
Teachers of Mathematics, 1201 Sixteenth 
Street, N.W., Washington 6, D.C. 


NCTM convention dates 
FORTIETH ANNUAL MEETING 
April 16-18, 1962 
Jack Tar Hotel, San Francisco, California 


Kenneth C. Skeen, 3355 Cowell Road, Concord, 
California 


JOINT MEETING WITH NEA 


July 4, 1962 

Denver, Colorado 

M. H. Ahrendt, 1201 Sixteenth Street, N.W., 
Washington 6, D.C. 


TWENTY-SECOND SUMMER MEETING 

August 23-25, 1962 

University of Wisconsin, Madison, Wisconsin 

Don McCloskey, Wisconsin High School, Mad- 
ison, Wisconsin 

Stephen S. Willoughby, School of Education, Uni- 
versity of Wisconsin, Madison 6, Wisconsin 


Other professional dates 


The Association of Teachers of Mathematics in 
New England 

December 9, 1961 

Wentworth Institute, Boston, Massachusetts 

Barbara B. Betts, D. C. Heath & Company, 
Boston 16, Massachusetts 


Chicago Elementary Teachers Mathematics Club 

December 11, 1961 

Private Dining Room, Toffenetti’s Restaurant, 
65 West Monroe Street, Chicago, Illinois 

Mildred C. Rogers, Warren Elementary School, 
9210 South Chappel Avenue, Chicago 17, 
Illinois 


Men’s Mathematics Club of Chicago and 
Metropolitan Area 

December 15, 1961 

YMCA Hotel, 826 South Wabash Avenue, 
Chicago, Illinois 

Charles W. Moran, 2950 Jarlath Street, 
Chicago 45, Illinois 


Men’s Mathematics Club of Chicago and 
Metropolitan Area 

January 19, 1962 

YMCA Hotel, 826 South Wabash Avenue, 
Chicago, Illinois 

Charles W. Moran, 2950 Jarlath Street, 
Chicago 45, Illinois 


Association of Mathematics Teachers of New 
Jersey, Sectional Meeting 

January 20, 1962 

Jersey City State College, Jersey City, New 
Jersey 

Prof. Ernest R. Duncan, Jersey City State 
College, Jersey City, New Jersey 


New York Society for the Experimental Study of 
Education; Section 10—Mathematics 

January 27, 1962 

256 Thompson Hall, Teachers College, Columbia 
University, New York City 

Mary G. Rule, 58 Spring Avenue, Bergenfield, 
New Jersey 


The Mathematics Club of Greater Cincinnati 

February 1, 1962 

Shroder Junior’ High School, 3500 Lumford 
Place, Cincinnati, Ohio 

Roy D. Matthews, Board of Education, 608 East 
McMillan Street, Cincinnati 6, Ohio 


Association of Mathematics Teachers of New 
Jersey, Winter Meeting 

February 3, 1962 

Paramus High School, Paramus, New Jersey 

Prof. Ernest R. Duncan, Jersey City State 
College, Jersey City, New Jersey 


Women’s Mathematics Club of Chicago and 
Vicinity 

February 3, 1962 

English Room, Marshall Field & Company, 
Chicago, Illinois 

Dr. Rut! Ballard, University of Illinois, Navy 
Pier, Chicago 11, Illinois 
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@ HISTORICALLY SPEAKING, — 


Edited by Howard Eves, University of Maine, Orono, Maine 


Some reflections on Gulliver's Travels 


by C. F. Merrill, University of Cincinnati, Cincinnati, Ohio 


INTRODUCTION 


It has been stated that “(Gulliver's 
Travels draws upon at least five traditions 
of world literature ..., the literal travel 
account, realistic fiction, utopian fiction, 
symbolism, and the fantastic voyage [1 ].’’* 
There is, however, another aspect of Gul- 
liver’s Travels which perhaps some of its 
readers have not considered. 

The mathematics employed by Swift in 
giving his book some of its brilliantly 
satirical and imaginative tone is an aspect 
which might merit study. Only three ap- 
proaches will be considered here, though 
there are others which a reader may be 
interested in exploring on his own. Con- 
sidered here are the mathematical pro- 
portions used by Swift, his gibes at mathe- 
matics and mathematicians, and some of 
the departures from physical and biologi- 
cal reality of which he has been guilty. 


THE MATHEMATICAL PROPORTIONS 


In the first part of the book, Lemuel 
Gulliver, then a ship’s surgeon, is ship- 
wrecked and washed up on a small island 
of Lilliput which is inhabited by tiny peo- 
ple six inches high. Here Swift has created 
a world in miniature. Following Gulliver 
through his many adventures in this coun- 
try, one wonders how Swift arrived at the 
size of these tiny people, and whether he 
is consistent in assigning various sizes to 
the objects in the environment. Upon in- 


* Numbers in brackets refer to the Notes at the 
end of the article. 


spection, it is found that Swift has used a 
proportion of twelve to one, and that he 
has held rather well to this proportion 
throughout. To illustrate, consider the fol- 
lowing quotations which show his propor- 
tions and which, at the same time, exhibit 
consistency. Upon his first view of one of 
the Lilliputians, Gulliver says, “I per- 
ceived it to be a human creature not six 
inches high.” In conveying Gulliver, pros- 
trate upon a wagon, from the beach where 
he was washed up to his living quarters, 
the Lilliputians used “fifteen hundred of 
the Emperor’s largest horses, each about 
four inches and a half high.”” When it was 
decided by a Lilliputian Council that 
Gulliver should live, the problem of sup- 
plying him with food and drink was en- 
countered. Thus, “his Majesty’s mathe- 
maticians, having taken the height of my 
body by the help of a quadrant, and find- 
ing it to exceed theirs by the proportion 
of twelve to one, they concluded from the 
similarity of their bodies that mine must 
contain at least 1728 of theirs.” Later, in 
writing of the manners and customs of the 
Lilliputians, he states, “as the common 
size of the natives is somewhat under six 
inches high, so there is an exact propor- 
tion in all other animals, as well as plants 
and trees: for instance the tallest horses 
and oxen are between four and five inches 
in height, the sheep one inch and a half, 
more or less; their geese about the large- 
ness of a sparrow, a lark the size of a com- 
mon fly, trees about seven feet high.’”’ The 
Lilliputians used a rule of one inch long. 
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During Gulliver’s residence in Lilliput of 
nine months and thirteen days, he became 
in need of new clothing. He gives the fol- 
lowing account of their construction. ‘“The 
sempstresses toek my measure as I lay on 
the ground, one standing at my neck, and 
another at my mid-leg, with a strong cord 
extended, that each held by the end, while 
the third measured the length of the cord 
with a rule of an inch long. Then they 
measured my right thumb, and desired no 
more; for by a mathematical computation, 
that twice round the thumb is once around 
the wrist, and so on to the neck and the 
as 

Later we find Gulliver in the land of the 
giants, Brobdingnag. Again we observe 
the same proportion of twelve to one, in a 
reversed direction, and again find them 
quite constant. Upon first view of one of 
the giants, Gulliver exclaims, ‘He ap- 
peared as tall as an ordinary spire-steeple 
and took about ten yards at every 
stride....’’ If we translate the giant’s 
ten-yard stride into one of ordinary size 
using the proportion of twelve to one, it 
becomes a thirty-inch stride, roughly that 
of an average man. In a later chapter, 
Gulliver fights and kills a great rat and 
measures its tail, finding it to be six feet 
long. Converted to ordinary size this be- 
comes six inches long. 

He is taken to the metropolis by the 
giant who had found him, where he relates, 
“my master hired the crier to give notice 
of a strange creature... not so big as a 
splackmuck, and in every part of the body 
resembling a human creature.” 

Although Swift apparently intended the 
proportion to be twelve to one, he never 
definitely states the fact, but most nearly 
reveals it in this statement: “a hail stone 
is near eighteen hundred times as large as 
one in Europe.” If the hailstone were 
exactly 1,728 times as large as one in 
Europe, then the proportion would be 
exactly twelve to one; however 1,728 is 
very “near eighteen hundred.” 

Gulliver leaves Brobdingnag and before 
long is once again standing on some un- 


known island. Swift saw fit to send Gulli- 
ver on several more equally interesting 
voyages. Whereas Swift was concerned 
with the extension and reduction in physi- 
cal size in Gulliver’s first two voyages, in 
later voyages he is concerned with the ex- 
tension of more abstract things, such as 
the extension of human understanding in 
the land of the Houyhnhnms and the ex- 
tension of life in Luggnogg. 


THE GIBES AT MATHEMATICIANS 


Just why Swift made so much fun of 
mathematicians and natural scientists in 
the later voyages is not certain. Ingenious 
scholars have traced almost everything in 
A Voyage to Laputa to contemporary 
science and to certain prevalent popular 
reactions to scientific doctrines and discov- 
eries. It would seem that here Swift is aim- 
ing at pedantry and ostentation in science 
and learning [2]. It is known that Swift 
had little appreciation of the purer and 
less practical aspects of mathematics and 
science. 

The following quotations from A Voyage 
to Laputa illustrate Swift’s attitude. “His 
Majesty took not the least notice of us, al- 
though our entrance was not without suf- 
ficient noise, by the concourse of all per- 
sons belonging to the court. But he was 
then deep in a problem, and we attended 
at least an hour, before he could solve it. 
There stood by him on each side a young 
page, with flaps in their hands, and when 
they saw he was at leisure, one of them 
gently struck his mouth, and the other his 
right ear; at which he started like one 
awaked on the sudden,... .” “My din- 
ner was brought, and four persons of qual- 
ity ...did me the honour to dine with 
me. We had two courses of three dishes 
each. In the first course there was a 
shoulder of mutton, cut into an equilateral 
triangle, a piece of beef into a rhomboides, 
and a pudding into a cycloid.... The 
servants cut our bread into cones, cylin- 
ders, parallelograms, and several other 
mathematical figures.” ““Those to whom 
the King had entrusted me, observing how 
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ill I was clad, ordered a tailor to come next 
morning, and take my measure for a suit 
of clothes. This operator did his office after 
a different manner from those of his trade 
in Europe. He first took my altitude by a 
quadrant, and then with a rule and com- 
passes described the dimensions and out- 
lines of my whole body, all of which he 
entered upon paper, and in six days 
brought my clothes very ill made, and 
quite out of shape, by happening to mis- 
take a figure in the calculation. But my 
comfort was, that I observed such acci- 
dents very frequent, and little regarded.” 
“Their houses are very ill built, the walls 
bevil, without one right angle in any apart- 
ment, and this defect ariseth from the 
contempt they bear to practical geometry, 
which they despise as vulgar and me- 
chanic, .... And although they are dex- 
terous enough upon a piece of paper in the 
management of the rule, the pencil, and 
the divider, yet in the common actions and 
behavior of life, I have not seen a more 
clumsy, awkward, and unhandy people, 
nor so slow and perplexed in their concep- 
tions upon all other subjects, except those 
of mathematics and music.” 

Later Gulliver inspects a mathematical 
school in Laputa, where he sees the master 
teach his pupils “after a method scarce 
imaginable to us in Europe. The proposi- 
tion and demonstration were fairly writ- 
ten on a thin wafer, with ink composed of 
a cephalic tincture. This the student was 
to swallow upon a fasting stomach, and 
for three days following eat nothing but 
bread and water. As the water digested, 
the tincture mounted to his brain, bear- 
ing the proposition along with it.” But for 
a number of reasons the method seemed to 
fail. 

R. Whately has given one explanation 
of Swift’s attitude toward mathematics 
and mathematicians: ‘It is worth observ- 
ing that some of those who disparage some 
branch of study in which they are defi- 
cient, will often affect more contempt for 
it than they really feel. And not unfre- 
quently they will take pains to have it 


thought that they are themselves well 
versed in it, or that they easily might be, 
if they thought it worth while;—in short, 
that it is not from hanging too high that 
the grapes are called sour. Thus Swift, in 
the person of Gulliver, represents himself, 
while deriding the extravagant passion for 
Mathematics among the Laputians, as 
being a good mathematician. Yet he be- 
trays his utter ignorance, by speaking ‘of 
a pudding in the form of a cycloid’ evi- 
dently taking the cycloid for a figure, in- 
stead of a line. This may help to explain 
the difficulty he is said to have had in ob- 
taining his Degree [3].” 

And Alfred North Whitehead has writ- 
ten: ‘“(Gulliver) describes the mathe- 
maticians of (Laputa) as silly and useless 
dreamers, whose attention has to be 
awakened by flappers. Also, the mathe- 
matical tailor measures his height by a 
quadrant, and deduces his other dimen- 
sions by a rule and compasses, producing 
a suit of very ill-fitting clothes. On the 
other hand, the mathematicians of La- 
puta, by their marvellous invention of the 
magnetic island floating in the air, ruled 
the country and maintained their ascend- 
ency over their subjects. Swift, indeed, 
lived at a time peculiarly unsuited for 
gibes at contemporary mathematicians. 
Newton’s Principia had just been written, 
one of the great forces which have trans- 
formed the modern world. Swift might just 
as well have laughed at an earthquake 


[4].” 


THE DEPARTURES FROM 
SCIENTIFIC REALITY 


Let us now consider some scientific in- 
consistencies which Swift incorporated 
into his work. The difficult part of examin- 
ing this aspect of Gulliver’s Travels is de- 
termining at what point Swift knowingly 
departs from the truth, and at what 
points he is ignorant of the actual princi- 
ples involved. 

Although Swift needed to employ 
changes in physical size to make his work 
the highly imaginative and satirical prod- 
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uct that it is, many of his changes were 
biologically impossible. J. B. 8. Haldane, 
a noted biologist, says: “It is easy to show 
that a hare could not be as large as a hip- 
popotamus, or a, whale as small as a her- 
ring. For every type of animal there is a 
most convenient size, and a large change 
in size inevitably carries with it a change in 
form [5].” This implies that there could 
not be a land of tiny people or a land of 
giant people “‘in every part of their body 
resembling a human creature.” 

Let us look at a few examples where, in 
keeping with the physical proportions, 
Swift has violated certain physical and 
biological realities. In Lilliput, ““The Em- 
peror had a mind one day to entertain me 
with several of the country shows... . I 
was diverted with none so much as that of 
the rope-dancers, performed upon a slender 


white thread .. . twelve inches from the 
ground. ... These diversions are often 
attended with fatal accidents... . I my- 


self have seen two or three candidates 
break a limb.” This demonstrates igno- 
rance of principles. A biologist knows that 
it is highly improbable that a creature six 
inches high could break a limb by falling 
one foot, for ‘to a mouse and any smaller 
animal gravity presents practically no 
danger. You can drop a mouse down a 
thousand-yard mine shaft; and, on arriv- 
ing at the bottom, it gets a slight shock 
and walks away.... For the resistance 
presented to movement by the air is pro- 
portional to the surface of the moving ob- 
ject. Divide an animal’s length, breadth, 
and height each by ten; its weight is re- 
duced to a thousandth, but its surface 
only a hundredth. So the resistance to 
falling in the case of the small animal is 
relatively ten times greater than the driv- 
ing force [6].” 

One might say that perhaps Swift has 
kept to the same proportion in respect to 
gravity also. In fact, he states that nature 
observes the same proportion in ‘‘all her 
operations.”” This would mean that the 
pull of gravity would be twelve times 
greater, which, if it didn’t kill the tiny 


people, would render Gulliver totally im- 
movable. 

Swift again violates known principles in 
discussing the eyesight of the people of 
Lilliput. He acknowledges in the follow- 
ing passage that the eyesight of these tiny 
people is much sharper than that of his 
own people. If these people enjoy the 
same proportions as do his people, this is 
impossible. In order that smaller animals 
have better sight, they need bigger eyes. 
Consider the following: ‘The Emperor 
was amazed at the continual noise (my 
watch) made, and the motion of the min- 
ute hand, which he could easily discern; 
for (the Lilliputians’) sight is much more 
acute than ours.”’ But: “Acute sight is de- 
pendent upon size and number of the rods 
and cones in the back of the aninal’s eyes. 
Thus, in order that they should be of any 
use at all, the eyes of smaller animals have 
to be much larger in proportion to their 
bodies than our own [7].” 

In determining how much food was nec- 
essary to support Gulliver in Lilliput, the 
Emperor’s mathematicians used a twelve 
to one proportion and concluded that 
Gulliver would eat as much as would 1,728 
Lilliputians. This is improbable, for, to 
again quote Haldane, “All warm-blooded 
animals at rest must lose the same amount 
of heat from a unit area of skin, for which 
purpose they need a food-supply propor- 
tional to their surface and not to their 
weight. Five thousand mice weigh as much 
as a man. Their combined surface and food 
or oxygen consumption are about seven- 
teen times a man’s. In fact a mouse eats 
about one quarter of its own weight of 
food every day, which is mainly used in 
keeping it warm [8].” From this state- 
ment we may conclude that the Lillipu- 
tians ate far more in proportion to their 
bodies than would Gulliver. In fact it 
would seem that if their metabolic rate was 
the same as ours, then they would need to 
eat nearly all the time just to function cor- 
rectly. On the other hand, if their metab- 
olism was also on a twelve to one propor- 
tion, then it seems probable that they 
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would be as starfish and have little move- 
ment. 

In creating the giants of Brobdingnag, 
Swift has also made a few biological de- 
partures from fact. We find the same de- 
parture in Pilgrim’s Progress. “‘Let us... 
consider a giant man sixty feet high— 
about the height of Giant Pope and Giant 
Pagan in the illustrated Pilgrim’s Prog- 
ress .... These monsters were not only 
ten times as high as Christian, but ten 
times as wide and ten times as thick, so 
that their total weight was a thousand 
times his, or about eighty or ninety tons. 
Unfortunately the cross sections of their 
bones were only a hundred times those of 
Christian, so that every square inch of 
giant bone had to support ten times the 
weight borne by a square inch of human 
bone. As the human thigh-bone breaks 
under about ten times the human weight, 
Pope and Pagan would have broken their 
thighs every time they took a step [9].” 
Since the giants of Brobdingnag were 
twelve times the size of Gulliver, they 
would not have been able to stand with- 
out breaking their legs. 

Gulliver also notes of Brobdingnag, 
“The kingdom is much pested with flies 
in summer; and these odious insects, each 
of them as large as a Dunstable lark, 
hardly gave me any rest while I sat at 
dinner.” Elsewhere he is attacked by 
wasps “‘as large as partridges.” Again, the 
size of these insects is a biological impossi- 
bility. For “insects take air directly to 
every part of their body by tiny blind 
tubes called tracheae which open to the 
surface at many different points. Now, al- 
though by their breathing movemenis 
they can renew the air in the outer part of 
the tracheal system, the oxygen has to 
penetrate the finer branches by means of 
diffusion. Gases can diffuse easily through 
very small distances, not many times 
larger than the average length travelled by 
a gas molecule between collisions with 
other molecules. But when such vast jour- 
neys—from the point of view of a mole- 
cule—as a quarter of an inch have to be 
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made, the process becomes slow. So the 
portions of an insect’s body more than a 
quarter of an inch from the air would al- 
ways be short of oxygen. In consequence 
hardly any insects are much more than 
half an inch thick [10].” This renders in- 
sects as large as larks and partridges ab- 
surd. 

Gulliver escapes from the peninsula of 
Brobdingnag by being carried high above 
the ocean by a huge bird. This also is bio- 
logically impossible. To verify this, con- 
sider the following quote: “An angel 
whose muscles developed no more power 
weight for weight than those of an eagle or 
a pigeon would require a breast projecting 
for about four feet to house the muscles en- 
gaged in working its wings, while to 
economize in weight, its legs would have to 
be reduced to mere stilts. Actually a large 
bird such as an eagle or kite does not keep 
in the air mainly by moving its wings. It is 
generally to be seen soaring, that is to say 
balanced on a rising column of air. And 
even soaring becomes more and more diffi- 
cult with increasing size. Were this not 
the case eagles might be as large as 
tigers... [11].” 

Gulliver’s next voyage takes him to the 
flying island of Laputa. This island is 
made to fly by a huge loadstone (magnet) 
fixed and easily rotated on an axle. He ex- 
plains its function thus: ‘“The stone is an- 
chored at one of its sides with an attrac- 
tive power, and at the other with a repul- 
sive. Upon placing the magnet erect with 
its attractive end towards the earth, the 
island descends, but when the repelling ex- 
tremity points downward, the island 
mounts upwards. When the position of the 
stone is oblique, the motion of the island 
is so too. For in this magnet the forces al- 
ways act in lines parallel to its direction. 
. .. When the stone is put parallel to the 
plane of the horizon, the island standeth 
still. For in that case the extremities of it 
being at equal distances from the earth, 
act with equal force, the one in drawing 
downwards, the other in pushing upwards, 
and consequently no motion can ensue.” 
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Difficulties seem to appear here also. For 
if the attracting end of the magnet were 
pointed toward the earth, the island would 
fall with an acceleration greater than that 
of gravity ang would be difficult to con- 
trol. The operators of the magnet would be 
in free fall and would have some difficulty 
in rearranging the magnet to slow the is- 
land in the fall. In the case where the load- 
stone is parallel to the earth, we know that 
the forces acting on the stone as described 
would produce rotation of either the is- 
land or the magnet to the position where 
the attracting end is pointed downwards. 


CONCLUSION 


It has certainly not been the author’s 
intention to infer through various criti- 
cisms of Gulliver’s Travels that it is an in- 
ferior book; on the contrary, it is a master- 
piece of satire exhibiting vivid imagina- 
tion throughout. The major significance 
of the book lies in these satirical observa- 
tions of the English culture of Swift’s time. 

One can justify bringing out these vari- 
ous discrepancies by saying that they are 


interesting. In reading any story it is in- 
teresting to watch for places where the 
author’s imagination has led him to stray 
from the actual existing principles. Of 
course, this in no way lessens one’s respect 
for the book. 
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The astonishing prediction in 


Gulliver's Travels 


by Howard Eves, University of Maine, Orono, Maine 


In A Voyage to Laputa, Dean Swift has 
Gulliver report on some of the remarkable 
astronomical achievements of the Lapu- 
tians. Gulliver says, in part, “(The Lapu- 
tian astronomers) spend the greatest part 
of their time in observing the celestial 
bodies, which they do by the assistance of 
glasses far excelling ours in goodness. . . . 
This advantage hath enabled them to ex- 
tend their discoveries much further than 


our astronomers in Europe; for they have 
made a catalogue of ten thousand fixed 
stars, whereas the largest of ours do not 
contain above one third part of that num- 
ber. They have likewise discovered two 
lesser stars, or satellites, which revolve 
about Mars, whereof the innermost is dis- 
tant from the center of the primary planet 
exactly three of his diameters, and the 
outermost five; the former revolves in the 
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space of ten hours, and the latter in 
twenty-one and an half; so that the 
squares of their periodical times are very 
near in the same proportion with the cubes 
of their distances from the center of Mars, 
which evidently shows them to be gov- 
erned by the same law of gravitation, that 
influences the other heavenly bodies.” 

Before going on, let it be noted that 
Gulliver’s Travels was originally pub- 
lished in 1726. 

In 1877, a good 150 years after the pub- 
lication of Gulliver’s Travels, the American 
astronomer Asaph Hall, using the finest 
telescope of the time, the 26-in. refractor 
at the Naval Observatory in Washington, 
D.C., discovered that Mars possesses two 
small satellites or moons. These satellites, 
which have diameters probably under ten 
miles, are so near the planet Mars that 
they can be seen only with sufficiently 
large telescopes, and even then only at 
favorable times. Suitable telescopes for 
this observation were not made until 
about a century after the publication of 
Gulliver’s Travels. 

Asaph Hall named the two satellites 
Phobos and Deimos. Phobos, which is the 
inner satellite, completes a sidereal revolu- 
tion in 7 hours and 39 minutes, and re- 
volves about Mars at a distance of about 





5,800 miles from the center, or about 3,700 
miles from the surface, of the planet. The 
sidereal period of Deimos is 30 hours and 
18 minutes and revolves at about 14,600 
miles from the center of Mars. Deimos is 
smaller than Phobos and is only about one- 
third as bright. 

Of the above surprising coincidences, 
Charles P. Olivier (former director of the 
Flower and Cook Astronomical Observa- 
tories at the University of Pennsylvania) 
has written, ‘‘When it is noted how very 
close Swift came to the truth, not only in 
merely predicting two small moons, but 
also the salient features of their orbits, 
there seems little doubt that this is the 
most astonishing ‘prophecy’ of the past 
thousand years as to whose full authen- 
ticity there is no shadow of doubt. 
... (Phobos’) period of less than eight 
hours obliges it to rise in the west and set 
in the east. In this... respect it is 
unique among all bodies in the universe, 
so far discovered. Yet Swift had this fact 
also included.”’* 

The remarkableness of it all does not 
quite end here, for these same two satel- 
lites were also mentioned by Voltaire 
(1694-1778) in his story of Micromegas! 


* “Mars,”’ Encyclopedia Americana (1956 ed.). 





Have you read? 


STRINGFELLOW, THOMAs L., and StRINGFELLOW, 
Emma L., “A Brief History of Statistics: A 
Contribution for the Enrichment of High 
School Mathematics,’”’ School Science and 
Mathematics, January, 1961, pp. 1-4. 


The question is shall we teach statistics in 
the secondary schools; and if so, what are the 
objectives to be attained? The authors feel that 
mathematics students are intrigued by statistics, 
and as schools introduce modern mathematics 
(which often includes statistics), the student is 
surprised to find statistics dating from 3000 B.c. 
For example, ‘statistics’ is derived from 
status, the Italian word for state. The influ- 
ence of probability on statistics dates from the 


seventeenth century with Pascal, Fermat, and 
Huygens directing their attention to it. 

From there we come to De Moivre with his 
“normal curve’ and average. These topics were 
further studied by Gauss and Laplace in 1775, 
bringing out the “probability of error’ and 
“standard deviation.’’ However, it was left for 
Galton and Pearson to bring forth “‘percentiles,”’ 
“regression,” “Chi square,” and “correlation 
coefficient.” 

Your students may be surprised to know 
that statistics was first offered as a college course 
in Columbia University in 1880. If you plan to 
do any statistics in your school, you should read 
this.—Puiurp Peak, Indiana University, Bloom- 
ington, Indiana. 
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Reviews and evaluations 


, Edited by Kenneth B. Henderson, University of Illinois, Urbana, Illinois 


RESPONSES 


Note: It is the policy of THE MatTHEMaTics 
TEACFER to publish responses to reviews which 
appear in the magazine when the writer and edi- 
tors consider the additional information con- 
tributes to a considered evaluation of the book 
reviewed. Miss Henrietta O. Midonick’s re- 
sponse which follows provides additional facts 
and judgments about The History of Mathemat- 
ics by Joseph E. Hofmann. 


My attention has been cailed to a review 
(March, 1961) of Classical Mathematics by 
Joseph E. Hofmann (Philosophical Library, 
1959), a translation by Henrietta O. Midonick 
of Dr. Hofmann’s Geschichte der Mathematik, 
Bde. II, III. This review, written by Dr. Vera 
Sanford, contains a reference to another review 
by Dr. Sanford (March, 1958) of The History of 
Mathematics by Joseph E. Hofmann (Philosoph- 
ical Library, 1957), a translation by Frank Gay- 
nor and Henrietta O. Midonick of Dr. Hofmann’s 
Geschichte der Mathematik, erster Teil. Inasmuch 
as these reviews contain a number of errors, 
some of which may be considered serious, and 
certain conclusions which, in my opinion, are 
unjustified, I feel that it is incumbent upon me 
to answer these criticisms. 

The March, 1958 review contains the re- 
viewer’s conjecture, ‘‘It is likely, though this is 
not stated, that this translation is considerably 
abridged from the original text.’’ The conjec- 
ture is followed in the March, 1961 review by 
the positive assertion, ‘‘This book and its pred- 
ecessor...are abridged translations of Pro- 
fessor Hofmann’s three-volume Geschichte der 
Mathematik. ...’’ Both the conjecture and the 
assertion are wrong. The translations are com- 
plete and faithful renderings of the entire text of 
Professor Hofmann’s work. Moreover, the trans- 
lators were at great pains at every point to keep 
to the spirit and intent of the author as well 
as to the content. 

Let me illustrate by discussing a specific 
criticism in the 1958 review: “The word Con- 
tingenzwinkel [the reviewer’s spelling, not Pro- 
fessor Hofmann’s] is translated ‘angle of con- 
tingency’ [the translation has angle of con- 
tingence, not angle of contingency], where the 
English-American expression ‘angle of contact’ 
or ‘horn angle’ might be familiar to some, but 
where a description of the angle would have 
made the matter clear.’ I will restrict my reply 
to two main points. 


First: The explanation which the reviewer 
quite properly considers desirable is, in fact, 
clearly stated in the translation (see pp. 22 and 
60 of The History of Mathematics, 1957). I find 
it amazing that the reviewer who speaks of a 
‘first reading” of the book and also of a “later 
reading” should have failed completely to notice 
both printed explanations in the translation. 

Second: Let us consider the choice of words 
for the translation of Kontingenzwinkel. Many 
writers since the days of Democritus have de- 
vised terms to designate this ‘‘angle’’. Among 
these terms we find “‘angle of contact’’, ‘“‘mixed 
angle’, “‘horn-like (or hornlike) angle’’, ‘‘cornic- 
ular angle’, ‘‘angle of contingence’’. None of 
these terms can be relied upon, without addi- 
tional description or explanation, to evoke the 
same image in the minds of all. Hence, since an 
explanation is necessary (and contrary to the 
statement in the review, the German text and 
the translation each supplied an explanation, 
not once but twice), the choice of a term should 
be made on the basis of the greatest potentiality 
for communication as well as on lexicographical 
availability and usage. The reviewer states, 
“The English-American expression ‘angle of 
contact’ or ‘horn angle’ might be familiar to 
some...”. That is to say, familiarity with 
these terms, if it exists, is limited. Why is it 
limited? One reason for this, I suggest, is that 
the terms preferred by the reviewer may not be 
the best ones for the purpose. Granting that 
familiarity through usage is a strong argument 
in favor of employing a given word, this advan- 
tage vanishes when the familiarity is doubtful 
and limited only to ‘‘some’’. At any rate, as re- 
gards the great majority of readers, it is clear 
that all these terms are on a fairly even footing 
of strangeness, so that, for these readers, fa- 
miliarity is not a factor to be considered. How- 
ever, we must be careful to guard against half- 
familiar terms which may prove to be mislead- 
ing, as I shall indicate later. Murray’s A New 
English Dictionary on Historical Principles, Vol. 
II, gives as the first definition of ‘“‘angle of con- 
tingence”’, ‘‘The infinitesimal angle between the 
circumference of a circle and its tangent.’”’ The 
reviewer will surely recognize the English Dic- 
tionary as an authoritative source of ‘‘English- 
American” words and usage. Encyclopaedia 
Britannica (1957), Vol. VII, p. 340, states, ‘‘This 
great work, conceived 70 years before its com- 
pletion in 1928... involved years of research 
by hundreds of volunteers on both sides of the 
Atlantic. Editor in Chief James A. H. Murray 
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stated that most of the cooperation from ‘men 
of Academic standing’ came from ‘Professors 
in American Universities’ and their students.” 
The first definition of “angle of contingence”’ 
given by the English Dictionary, as quoted 
above, is entirely in agreement with Dr. Hof- 
mann’s explanation of Kontingenzwinkel and 
“angle of contingence”’ is most acceptable as a 
translation of the German term. 

On the other hand, I must emphatically re- 
ject Dr. Sanford’s suggestion that “horn angle” 
be used. Indeed, if this suggestion should be fol- 
lowed, and if at the same time we should accept 
the suggestion made in the March, 1961 review 
that ‘‘one would do well to keep Dr. Boyer’s 
History of Analytic Geometry and his Concepts of 
the Calculus close at hand’”’ while reading Pro- 
fessor Hofmann’s work, then we should really 
be in trouble. On page 22 of The Concepts of the 
Calculus, Dr. Boyer describes ‘‘horn angles’’ as 
“the angles formed by curves which have a 
common tangent at a point.”’ On page 173 of the 
same work he confirms this definition: ‘‘the 
angle of contact (horn angle) formed by two 
curves with a common tangent....” The 
“angle of contact”? and “horn angle’’ are thus 
taken here as interchangeable terms. Now the 
difficulty that arises is that the concept Dr. 
Boyer ascribes to these terms is not the same as 
the concept which Dr. Hofmann ascribes to 
Kontingenzwinkel, the angle formed by an arc 
of a circle and its tangent. Obviously, if we ac- 
cept Dr. Boyer’s definition of an ‘‘angle of con- 
tact” or “horn angle”, these terms are defi- 
nitely ruled out as possible translations of Kon- 
tingenzwinkel. Moreover, to point up the confu- 
sion existing in the usage of these terms in cur- 
rent American literature, I will refer to Dr. 
Sanford’s own work, A Short History of Mathe- 
matics, where Dr. Sanford gives still another ex- 
planation of the term “horn angle”. The con- 
cept which she ascribes to “horn angle’’ differs 
from the concept ascribed to the same term by 
Dr. Boyer. It also differs from the concept 
ascribed to “‘angle of contingence”’ by the defini- 
tion in Murray’s English Dictionary; but most 
important of all, in connection with the trans- 
lation of Dr. Hofmann’s work, it differs from the 
concept ascribed by him to Kontingenzwinkel. 
Dr. Sanford, in discussing Euclid, Book III, 
states: 


It is in this Book that Euclid defines an 
angle of a segment as that angle ‘‘contained 
by a straight line and a circumference of a 
circle, the so-called “horn angle’... 
(V. Sanford, A Short History of Mathematics, 
1930, pp. 272-3). 


Dr. Sanford gives no citation for her quotation. 
In the volume available to me, undoubtedly 
because of a printer’s error, it is impossible to 
tell where the quotation beginning ‘‘contained 
...’’ comes to an end. Since no additional ex- 
planation is given by Dr. Sanford, some readers 
might well wonder about the’ position of the 
straight line mentioned. For a clear delineation 





of the angle Dr. Sanford refers to, we may turn 
to T. C. Heath, The Thirteen Books of Euclid’s 
Elements, Vol. I, p. 253, where the discussion 
and accompanying diagram indicate clearly that 
the angle of a segment (the emphasis is on the 
word of) is a ‘‘mixed’’ angle between a chord and 
a circle and the circumference of the smaller 
segment cut off by it. The plain fact is that the 
angle which Dr. Sanford describes as and names 
“horn angle” is not Dr. Hofmann’s Kontingenz- 
winkel (zwischen Bogen und Tangente) and, 
again, I must conclude that “angle of contin- 
gence” is by far the best and most accurate 
choice. 

Considerations such as these make transla- 
tion an extremely delicate work. It goes without 
saying that translation requires a great deal 
more of research than can ever be apparent from 
an inspection of the finished work. 

Now let us turn to the word “applicate” to 
which Dr. Sanford has expressed her objection. 
In describing the procedure employed by 
Descartes in La Géométrie to solve the Pappus 
problem, Dr. Hoffmann used the term ‘‘Appli- 
kate’ to denote a line AP=y. To have trans- 
lated this word as “ordinate’’ as the reviewer 
suggests would have been easy enough. But this 
would have been an error in translation. The 
German equivalent for the modern term is be- 
yond any shadow of a doubt well known to Dr. 
Hofmann. Hence, his choosing ‘Applikate’’ 
could not have been otherwise than purposeful. 
If the translator had used the modern word “‘or- 
dinate’ for the old word ‘“Applikate’’, Dr. 
Hofmann’s purpose in the use of “Applikate”’ 
would have been defeated. Moreover, it would 
have had the effect of reinforcing a widely held 
misconception that Descartes was making use 
of “Cartesian axes’”’ as we known them today. 
This, of course, was not the case. See D. J. 
Struik, A Concise History of Mathematics 
(1948), Vol. II, p. 134, and J. F. Scott, The 
Scientific Work of René Descartes (London, 
1952), pp. 94 and 99. David Eugene Smith and 
Marcia L. Latham lay a careful foundation of 
historical references before using the word “‘or- 
dinate”’ in their translation of La Géométrie and 
even after this has been done, they surround it 
with parentheses which are not in the original 
French (The Geometry of René Descartes, pp. 67, 
84, and others). Dr. Hofmann, by the use of 
quotation marks, reminds us that we are not 
speaking of analytical geometry as we study it 
today, but rather of the origin and early stages 
of its development. Having made this point by 
introducing the old word ‘‘Applikate’”’ between 
quotation marks, Dr. Hofmann later gives up 
the use of quotation marks, and the translator 
follows this very procedure with the old word 
“applicate.” 

As to the reviewer’s pungently expressed 
view that the polyhedron theorem, given by 
Dr. Hofmann in symbolical form, should have 
been translated, her reason being that she finds 
it possible to attach verbal meanings in German 
to certain letters used, it appears to me that this 
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view would have been more to be expected if 
we were back in the daysof “‘syncopated algebra’’. 
The art of mathematical symbolism is not so re- 
stricted today. To show how easy it is to give 
meaning to symbols, consonant with the con- 
cepts involved in tke theorem, without recourse 
to the German language, let me quote from 
Felix Klein’s Elementary Mathematics from an 
Advanced Standpoint, Geometry, (translation by 
E. R. Hedrick and C. A. Noble) p. 108: ‘Euler 
observed that if an ordinary polyhedron has E 
corners, K edges, and F faces we always have the 
relation E+-F =K-+2.” These are the very sym- 
bols which were carried over from Dr. Hof- 
mann’s work to the translation. 

Thus, neither the polyhedron theorem nor 
the use of the word “applicate’”’ could have in- 
troduced a “red herring” into the work. The 
translation does not, in fact, offer a “red her- 
ring’”’ here or anywhere else in the book, but on 
the contrary, proceeds as does Dr. Hofmann, 
with clarity and with due respect for the facts. 

Regarding a complex of criticisms relating 
to titles and subtitles, I will say only that Dr. 
Sanford does not make it clear that the first 
subtitle mentioned by her is the subtitle which 
clearly delimits the scope of Volume I, and that 
this subtitle was printed in the translation (The 
History of Mathematics, 1957, page preceding 
Chapter 1). If the reviewer inadvertently over- 
looked the translation of this subtitle, then the 
criticism of ‘misleading generality’, however 
unjustified in actuality, is understandable. If, 
however, she did take note of the translation of 
the subtitle, I fail to see how this criticism can 
be directed to the translation. 

The merit of Dr. Hofmann’s work, apart 
from the bibliography appended, was specifi- 
cally noted by Dr. Boyer in his review of Dr. 
Hofmann’s Geschichte der Mathemattk, erster 
Teil (ISIS, March, 1955), “These lists alone 
would justify the appearance of the book, which 
needs no justification beyond the pleasure it 
will bring to students of history and mathe- 
matics.” 

The text of Dr. Hofmann’s history has its 
own intrinsic merit, charm, and authority, and 
adherence to the original text has been a guiding 
principle for the translator.—Henrietia O. 
Midonick, 40 East 9th St., New York 3, New 
York. 


BOOKS 


Algebra I, Charles F. Brumfiel, Robert E. 
Eicholz, and Merrill E. Shanks (Reading, 
Mass.: Addison-Wesley Publishing Co., Inc., 
1961). Cloth, xi+371 pp., $4.75. 


This book represents the cumulative work 
in the Ball State experimental program in ninth 
grade and exhibits a straightforward postula- 
tional approach of which ninth-grade students 
are capable. 

After two chapters of getting the student 
acquainted with school, the language of sets and 
counting, and the symbols of arithmetic and 


algebra, the authors begin the study of logic 

with truth tables, a—8, a or 8, a and 8, not 

a, B not a, etc., which could leave the student 

thoroughly confused if not properly taught. 

Chapters 4 and 5 develop the machinery for 
exhibiting the mathematics of algebra by de- 
fining the set of natural numbers N =(1, 2, 3, 
4, 5,---), and the set of counting numbers 
C=(0, 1, 2, 3, 4, 5, -- + ), and postulating: 

1 “Existence and uniqueness: Any two count- 
ing numbers can be added and multiplied. 
That is, for every pair of counting numbers 
a and b, there is exactly one counting num- 
ber, a+b, called the sum of a and b and ex- 
actly one counting number a-b, called the 
product of a and b. Furthermore, the sum 
and product of two natural numbers is a 
natural number.” 

2 “Commutative Law: If a and 6 are counting 
numbers, a+b=b-+a and a-b=b-a.” 

3 “Associative Law: If a, b, and c are counting 
numbers, (a+b) +c=a+(b+c) and a-(b-c) 
=(a-b)-c.” 

4 “Cancellation Law: If a, b, and care counting 
numbers, a+c=b+c, then a=b. If ac=be 
and c #0, then a=b.” 

5 ‘Properties of zero and one: (1) If z is any 
counting number, then 7+0=z2z. (2) If z is 
any counting number, then z-1 =z.” 

6 “The Distributive Law: If a, b, and c are 
counting numbers, then a-(b+c)=a-b+ 
a-c.” 

With these postulates the authors develop 
precise theorems such as: “If z is any counting 
number, then z+z=22,” and “For every 
counting number z, z-0=0.” 

By proper definitions of subtraction, 
“greater than”, and “less than’”’, the authors set 
forth such nontrivial theorems as: “If a>b, 
then a+c>b-+ec,” and “If a>b, and c>d, then 
(a+c) >(b+d).” 

Having worked through the “counting num- 
bers’’, postulation of the negative of a number 
comes naturally as a+(—a)=0. The integers 
are defined; the postulates of counting numbers 
are accepted for integers. 

In a like manner, the rational numbers are 
presented and later the irrational numbers are 
precisely set forth. 

The critics of this book would point out that 
there is a lack of “practical problems’, but 
they could not say that there is a lack of exer- 
cises to strengthen the computative skills of 
the students; nor could they say the book fails 
to “cover the material’ of Algebra I found in 
the traditional texts. 

The book, to be used as a text effectively, 
must be used by a teacher who has a background 
in modern algebra and number theory and an 
enthusiasm for ‘‘modern’”’ mathematics. For the 
adult student the book is without peer; for the 
“above average’”’ ninth grader it is highly recom- 
mended; for the “‘average” ninth grade, worth 
very careful consideration—Berlen Flake, 
Dwight Eisenhower High School, Decatur, Illi- 
nois. 
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Algebra I, Charles F. Brumfiel, Robert E. 
Eicholz, and Merrill E. Shanks (Reading, 
Mass.: Addition-Wesley Publishing Co., 
Inc., 1961). Cloth, xi+371 pp., $4.75. 


Rote learning, superficial manipulative abil- 
ity, and assorted artifices have long been ac- 
cented in many of our first-year algebra courses. 

This book, however, is an endeavor to cir- 
cumvent these shortcomings through a postula- 
tional approach to the study of number sys- 
tems. It is “an attempt to teach classical alge- 
bra with precision and meaning.” 

The purpose of the authors in this text is ‘‘to 
present algebra in such a way that the reasons 
for the different algebraic processes become evi- 
dent.”’ By presenting notions about algebraic 
structure and about deductive reasoning, but 
not by emphasizing the formal structure of 
them, they (Professors Brumfiel, Eicholz, and 
Shanks) set about the task. 

Significant is the amount of intended mem- 
orization in Algebra I. For the entire course 
there are six basic assumptions: (1) existence 
and uniqueness, (2) commutativity, (3) associ- 
ativity, (4) cancellation, (5) properties of zero 
and one, and (6) distributivity. Much of the 
other material is derived systematically. 

In a large measure, this course represents an 
extension of arithmetic. The five sets of numbers 
adjoined are as follows: (1) the natural numbers 
and zero—the counting numbers, (2) the nega- 
tive integers (preceded by a study of subtraction 
to show the need for new numbers), (3) zero, the 
natural numbers and the negatives of the nat- 
ural numbers—the integers, (4) the rationals, 
and (5) the reals (presented as infinite decimals 
and fortified by postulates of order and com- 
pleteness). 

Unique is chapter 3 in that it introduces logi- 
cal structure—not seemingly for the sake of 
logic, but for the sake of clarity and precision. 

Noteworthy also, is chapter 11 which con- 
cerns sentences, relations, graphs, and func- 
tions; it embodies several logical and set-theo- 
retic concepts. 

Many conventional topics of first-year alge- 
bra are treated, but the stress is on skill and 
understanding. 

The authors, in my opinion, have written a 
book that will elucidate many of the algebraic 
processes which students often question.— 
E. Wayne White, Lincoln High School, Camden, 
Arkansas. 


Analytic Trigonometry, Paul S. Mostert (Engle- 
wood Cliffs, N. J.: Prentice-Hall, Inc., 1960). 
Cloth, x +2+165 pp., $3.95. 


This is a “‘modern” trigonometry text, using 
the vocabulary and concepts of set theory in 
Chapter I on functions. In Chapter II the sine 
and cosine functions are defined in terms of a 
terminal point function of a rotation, and the 
other four trigonometric functions are defined 
in terms of sine and cosine. These definitions be- 
gin on page 41 and terminate on page 53 of a 





book that contains only 120 pages plus ap- 
pendices, etc. After this relatively slow start, 
the rest of the book is extremely brief. Chapter 
III consists of 12 pages on logarithms, which 
the author says can be covered in as little as two 
days if this chapter is needed. Chapter IV is an 
abbreviation of the customary work on the 
solution of triangles using four-place tables, fol- 
lowed by four pages on vectors. The laws. of 
sines and cosines are derived and examples are 
worked with little reference to logarithms. 
Pages 121-144 are occupied by appendices on 
Polar Coordinates. Complex Numbers, Rigid 
Motion, Fourier Series, and Oscillations, the last 
three of which are not intended for class use. 

Many teachers will not mourn the omission 
of five-place logarithm tables, the law of tan- 
gents, and the half-angle laws from the solution 
of triangles; but they may feel that brevity has 
been overdone. For instance, logarithms, “‘if 
needed”, can scarcely be taught and learned 
thoroughly in two days. There are too few exer- 
cises to allow for variety of assignments in dif- 
ferent sections of the class or in different years. 

The book has many peculiarities of wording. 
On page 34, a circle is defined as a “‘set of points 
of an equal distance from a fixed point.”’ Aside 
from the fact that there is no such thing as an 
equal distance, this sentence illustrates the 
author’s difficulty with prepositions. One of sev- 
eral examples is on page 23, where he gives the 
customary formula for the distance between 
two points and calls it the distance from one 
point fo the other. 

By the definitions on pages 116 and 117 a 
free vector is not a vector. It is a translation, 
and on page 24 a translation is a movement. The 
definition of vector does not give to vector a 
direction but merely places one end point (with- 
out saying which one) at the origin. On page 19 
the first sentence of the definition of multiple 
valued function gives both B and sets of B for 
the range of the function; the second sentence 
rules out y= ++/1—2 for x between —1 and 
+1 as a multiple valued function. 

There are a number of typographical errors, 
notable among them being the spelling of the 
plural of reciprocal with an apostrophe on page 
x of the table of contents.—Anice Seybold, North 
Central College, Naperville, Illinois. 


Handbuch der Schulmathematik, Georg Wolff 
(ed.) (Hannover: Hermann Schroedel Verlag 
KG, 1960), Vol. I, Arithmetik, Zahlenlehre. 
Cloth, 295 pp., 38 German Marks. 


Handbuch der Schulmathematik, Georg Wolff 
(ed.) (Hannover: Hermann Schroedel Verlag 
KG, 1961), Vol. II, Algebra. Cloth, 296 pp., 
38 German Marks. 


These are the first two volumes of a pro- 
jected series of six volumes. The entire six- 
volume series is given the following titles: 
Volume I, Arithmetic, Theory of Numbers; Vol- 
ume II, Algebra; Volume III, Geometry for the 
Lower and Middle Grades; Volume IV, Geometry 
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for the Upper Grades; Volume V, Selected Topics 
from Geometry, Axiomatics, Philosophy, and 
Psychology; Volume VI, Analysis. 

Volume I consists of three parts: Part 1, 
Arithmetic of the Lower and Middle Grades; 
Part 2, Arithmeticgof the Higher Grades; and 
Part 3, Arithmetic in the Industrial Associa- 
tions. These titles are somewhat misleading to 
an American reader, for he does not find what 
ordinarily would be expected under such titles. 
The books are a curious assortment of a multi- 
tude of topics, most of which would be classified 
as college mathematics. The topics are developed 
briefly, almost in an outline fashion. Brief his- 
torical and bibliographical notes are inserted 
throughout the texts. Problems for the reader 
to work are not plentiful. 

Some of the topics included in the first vol- 
ume are: arithmetic and geometric progressions, 
differentiation, function, extrapolation and 
interpolation, combinations and permutations, 
topics from statistics such as frequency distribu- 
tion, mean, normal distribution, probability, 
and correlation, information theory, some ele- 
ments of theory of numbers including Euclid’s 
algorithm and modulo systems, elements of set 
theory including a discussion of Russell’s para- 
dox and a brief discussion of the schools of for- 
malism and intuitionism. Brief philosophical ex- 
cursions accompany the presentations of many 
topics. 

One is at a loss to suggest the most appropri- 
ate use for a text of this sort. Perhaps the most 
obvious place for it is a desk of a high-school 
teacher. He might find frequent occasions to 
refer to it, primarily in connection with the 
teaching of algebra. The knowledge of German 
is, of course, presupposed. 

Volume II is devoted to algebra. It is also 
divided into three parts: Part 1, Algebra of the 
Middle Grades; Part 2, Algebra of the Upper 
Grades; and Part 3, Special Problems. 

To answer the question ‘What is algebra?’’, 
the authors indicate that the word “algebra’’ is 


derived from the Arabic and algebra is con- 
cerned with the solution of equations. Then the 
authors proceed to give a formal skeleton of the 
theory of solution of linear equations with one 
unknown, followed by the application of deter- 
minants to the solution of systems of two equa- 
tions with two unknowns. This is followed by a 
brief treatment of proportions and bookkeeping 
arithmetic. 

Function is introduced with a sentence ‘‘The 
growth of a plant is a function of time.” A 
table of values and a graph of this function fol- 
low. 

A brief treatment of matrix algebra is given 
in connection with the study of the solution of 
systems of equations with several unknowns. 
Inequalities are introduced in connection with 
the topic of linear programming. 

In addition to the usual algebraic methods 
of solving quadratic equations, ingenious geo- 
metric methods are introduced. These are used 
for the solution of systems of quadratics. 

Algebra of the Upper Grades includes the 
theory of solution of third and fourth degree 
equations followed by a study of rational func- 
tions of the mth degree. The fundamental 
theorem of algebra is stated and proved. In pre- 
senting these topics, the authors assume the 
knowledge of trigonometry, analytic geometry, 
and some differential and integral calculus on 
the part of the readers. Part 2 of the second vol- 
ume culminates in a discussion of curves given 
by: t4—yt=—azy, z4+y!+822y=0, and 2t+y4 
—6y3+8z%y =0. 

Part 3 dealing with special topics includes 
discussions of mathematical structures, homo- 
morphism, isomorphism, automorphism, groups, 
rings, linear vector spaces, linear algebras, and 
matrices. This is the only part of the book which 
can be considered to concern itself with modern 
abstract algebra. One is again impressed by the 
extreme compactness and brevity of treatment 
of these topics.—Eugene D. Nichols, Florida 
State University, Tallahassee, Florida. 





Letters to the editor 
Dear Editor: 


The article “Complex Numbers and Loci,” 
in the April, 1961, issue of THe MATHEMATICS 
TEACHER, neglected to treat the converse prob- 
lem as all loci problems should be treated, and 
therefore has an incorrect statement in the sixth 
example, page 233. 

The author, Leroy Dalton, states that the set 
of points in the complex plane which satisfies 


|2—4| -|2| =2 


is the hyperbola 


However, only one of the two branches is in 
fact a solution. 

Since the quantity |z—z | represents the 
distance between the variable point z and a fixed 
point zo, the problem could quickly be read as, 
“Find the locus of points each of which has the 
difference of the undirected distances from the 
points zo (4, 0) and z (0, 0) equal to a constant, 
2.” Thus, the student should expect a hyper- 
bola from the definition. 

I do feel, however, that Mr. Dalton’s idea is a 
good one. 
Wituram G. RouGuHeap, JR. 
Northern Illinois University 
DeKalb, Illinois 
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Pythagorean converse 


In the past few years, various proofs of 
the Pythagorean theorem have appeared 
in THe Matuematics TEACHER. It is un- 
doubtedly known to the reader that there 
are many different proofs of this well- 
known theorem. In the December, 1951, 
issue of Toe Matuematics TEACHER, Dr. 
Schaaf lists thirty articles in a bibliog- 
raphy of “proofs and discussions” of the 
Pythagorean theorem.! Edna Kramer, in 
Main Stream of Mathematics, writes, 
“Since the time of Pythagoras, one hun- 
dred or more different proofs have been 
given to the theorem that bears his 
name... .’? Strangely enough, the equally 
important problem of the converse of the 
Pythagorean theorem has been compara- 
tively neglected. The converse states that 
if the square of one side of a triangle 
equals the sum of the squares of the other 
two sides, the triangle is a right triangle. 
The writer has been able to find only one 
proof of the converse. In the October, 
1951, issue of THE MATHEMATICS TEACHER, 
we find an interesting proof by V. Thé- 
bault.* In it, Mr. Thébault points out that 
his method is independent of the Pythag- 
orean theorem itself and uses only the- 
orems of the first book of Euclid. In this 
paper I will illustrate several additional 
approaches to the problem of the Pythag- 


1 Schaaf, William L., “‘The Theorem of Pythag- 
oras,” THe Matuematics Teacuer, XLIV (Decem- 
ber, 1951), 585-86. 

2? Kramer, Edna E., The Main Stream of Mathe- 
matics (New York: Oxford University Press, 1952), p. 
75. 

3 Thébault, Victor, “‘A Second Note on the Pythag- 
orean Theorem,” THe MartHematics TEACHER, 
XLIV (October, 1951), 396. 


by Martin Hirsch 


orean converse, showing how the result 
can be derived—very easily in most cases 
—by methods of plane geometry, analytic 
geometry, and trigonometry. 


PROBLEM 

Given: AABC and 
a?+b?=c? 

Prove: AABC is a right triangle. 
METHOD I 


(Refer to Fig. 1.) Let a, b, and ¢ repre- 
sent the three sides of triangle ABC, with 
angle C unknown. Construct a second tri- 
angle A’B’C’ with sides a and b including 
angle C’=90°. Let the third side equal zx. 
Then in triangle A’B’C’ we have 2° 
=a’?+b? by the Pythagorean theorem. In 
triangle ABC, c?=a?+b? is given. There- 
fore x=c, and triangle A’B’C’ is congru- 
ent to triangle ABC by the SSS congru- 
ence theorem. Therefore angle C=angle 
C’=90° since corresponding parts of con- 
gruent triangles are equal. Hence triangle 
ABC is a right triangle. 














C b S c' b A 
Figure 1 
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METHOD II 


(Refer to Fig. 2.) Choose for the z-axis 
the line through AB and for the y-axis the 
line perpendicular to the z-axis at point A. 
Then the co-ordinates of A, B, and C are 
A(0, 0), B(ai, 0) and C(22, ye). 

Since c?=a?+b? we have: 


Ly? =o? + Yo? + (G2—21)? + Yy2?, 
Yo? =21L2—2X2", 


Yo? =2X2(X1—L2), 
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Mac= ’ 


Msc 
AC is perpendicular to BC. Therefore, tri- 
angle ABC is a right triangle with the 
right angle at C. 








Y, 
C (xz, ye) 
b m a 
A(o,o) o>, o) B(x,,0) 
Figure 2 


METHOD III 


In Figure 2, let D, the mid-point of 
AB, have the co-ordinates (2/2, 0). 
Starting with the equation y.?=2,72—22? 
of Method II, we have 2.?—222.+y:?=0. 
Multiplying each term in the above equa- 
tion by 4 and adding z;? to both sides of the 
equation gives 


420?+-2?—421%2+4y2? = 27. 
Then 


x}? 
4 [att sare] =2", 


al ( ni" 2 2 

v2 *) +Y2 | =f"; 

ae 
Z2 =) +y2?=21. 


The left side of this equation equals 2CD 
and the right side equals AB in Figure 2. 
Hence 2CD=AB or CD=AB/2. There- 
fore we can circumscribe a circle around 
triangle ABC by taking D as center and 
DB as radius, thus making angle C an 
angle inscribed in a semicircle. Therefore 
angle C is a right angle and triangle ABC 
is a right triangle. 


and 


METHOD Iv 


We start with Heron’s formula, 





A=-+/s(s—a)(s—b)(s—c), 


where 
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In the above formula, substitute 
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which after some simplification becomes 


, Eig eam, weal: -SUe 
A= > [b+ +/a? +8 | 2 [—b+ Va? +8? |, 
and 
b her TS IE a 
A= ie Va?+b?—b?. 
Thus, A=ab/2, which is the formula 
for the area of a right triangle with either 
a or b taken as the base and the other side 
as the altitude. Therefore, triangle ABC is 
a right triangle. 



















METHOD V 
By the law of cosines, in any triangle 
ABC, =a?+b?—2ab eos C. Since a?+b? 
=c? we have 0=—2ab cos C, and cos 
C=0. Hence, angle C=90°, and triangle 
ABC is a right triangle. 


METHOD VI 


(Refer to Figure 3.) Draw altitude CD. 
Draw median CE so that AE=EB=c/2. 
Let CD=h and CE=m. Let DE=p so 
that AD=c/2—p. In right triangle CAD, 


c 2 
b?=h?2 pinky S ; 
+(5-?) 


c2 
aT ie dS 


so that 


In right triangle CBD, 


2— p?2 a 
a wt (4), 
so that 


9 


C2 
a?= lt” Wiel tial de 














ere c 
Figure 3 


Adding these two equations yields a?+b? 
=2h?+c?/2+2p?. In this equation substi- 
tute c? for a?+}? and multiply both sides of 
the equation by 2. We get 2c? =4h?+c?+-4p?, 
or c?=4(h?+p*). But in right triangle 
CDE, h?+p?=m?. In c?=4(h?+p*) sub- 
stitute m? for h?+p?. We get c?=4m?, 
c=2m, or m=c/2; so that median CE 
=AB/2. Therefore we can circumscribe a 
circle around triangle ABC with EF as 
center and EB as radius. Angle C is then 
inscribed in a semicircle and is therefore a 
right angle. Thus triangle ABC is a right 
triangle. 

Methods I and VI clearly depend upon 
the Pythagorean theorem itself. Methods 
II and III make use of the distance for- 
mula which is derived from the Pythag- 
orean theorem. Heron’s theorem (Method 
IV) is derived in part from the Pythag- 
orean theorem, and the law of cosines 
(Method V) is also derived from the 
Pythagorean theorem. Hence, all six of 
these proofs of the Pythagorean converse 
depend upon the Pythagorean theorem it- 
self. 
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teachers. JErr West and Aanzs Y. RIcKEY. 
Feb., 89-90. 

The minimum fraction of the popular vote that 
can elect the President of the United States. 
G. Pétya. Mar., 130-33. 

Minutes of the Annual Business Meeting. 
Houston T. Karnes. Oct., 462-65. 

Mr. B., Mr. V., and Mr. M. KarTHarRINE 
O’Brien. Oct., 405. 

More about 1960-61 Committees. May, 388. 

A new introduction to the ideas and methods of 
trigonometry. Rosert J. Tuomas. Oct., 427- 
35. 

The 1961 budget. Oct., 467. 

Nomography. C. R. Wruiz, Jr. Nov., 531-37. 
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Notre Dame’s 1960 summer program for gifted 
high school children. ARNoLD E. Ross. Oct., 
440-43. 

NSF-FSU math campers: evaluations of and by 
the campers. W1LLARD H. NELson, Marion 
F. Smiru, Eveene D. NicHots, and WatL- 
LACE A. KENNEDY. Mar., 149-54. 

News notes. G. BALEey Price. Jan., 38. 

Ninety suggestions on the teaching of mathe- 
matics in the junior high school. Epwin J. 
SwINeErorp. Mar., 145-48. 

A note on “variable.”” H. Van ENGEN. Mar., 
172-73. 

Notice of Annual Business Meeting. M. H. 
AHRENDT, Executive Secretary. Jan., 26. 

Officers of the NCTM Affiliated Groups. 
EuGeEeneE P. Smitu. Chairman. May, 378-85. 

On ‘‘variable’’—a rebuttal. H. Van ENGEN. 
Mar., 175-77. 

“One over...’’ Wiiiram R. Ransom. Feb., 
100-1. 

1024 tosses. Marvin C. Votre. Nov., 576-77. 

An open letter on teaching machines and pro- 
gramed instruction. Nov., 570-72. LEANDER 
W. Smiru. 

Optimal length of play for a binomial game. 
FREDERICK Moste._er. Oct., 411-12. 

A Pascal pyramid for trinomial coefficients. 
Evetyn B. RosENnTHAL. May, 336-38. 

Pythagorean converse. Martin Hirscn. Dec., 
632-34. 

The place of probability and statistics in the 
mathematics curriculum of the senior high 
school and junior college. H. E. Wruutams. 
May, 316-20. 

Points and viewpoints. Jan., 40-43; Mar., 172- 
77; Nov. 570-72. 

Probability and the radioactive disintegration 
process. JoserpH F. Muccr. Dec., 606-8. 

Probability and statistics in the twelfth year? 
GEORGE GrossMAN. Nov., 540-46. 

The problem of Apollonius. N. A. Court. Oct., 
444-52. 

Products of signed numbers: an inductive ap- 
proach. Witu1am G. ANNETT. Mar., 169-70. 

The psychological appeal of deductive proof. 
GERTRUDE Henprix. Nov., 515-19. 

Rapid calculation for the teacher. Broruer U. 
Aurrep, F.S.C. Apr., 270-72. 

Reflections and rotations. Burton W. JoNEs. 
Oct., 406-410. 

Registrations at NCTM meetings. Nov., 579- 
581. 

Report of the Membership Committee. Oct., 
474-75. 

A report of a National Science Foundation sum- 
mer institute in mathematics for high school 
students at Columbia. Gzorce GrossMAN. 
Feb., 75-81. 

Report of the Nominating Committee. Jan., 
48-54. _ 

A research program for gifted secondary-school 
students. ALBERT WILaNskKy. Apr., 250-54. 


Reviews and evaluations. KENNETH B. HENDER- 
son. Editor. Jan., 44-46; Feb., 102-6; Mar., 
164-66; Apr., 266-69; May, 368-72; Oct., 
455-59; Nov., 573-75; Dec., 627-31. 

Rigor vs. intuition in mathematics. JoHn G. 
Kemeny. Feb., 66-74. 

A solution for certain types of partitioning prob- 
lems. M. H. GREENBLATT. Nov., 556-58. 

Some challenging series for gifted high school 
students. RoBert M. Rippey. Jan., 8-11. 

Some implications of programmed instruction 
for the teaching of mathematics. Raupu T. 
Hemmer. May, 333-35. 

Some reflections on Gulliver’s Travels. C. F. 
MERRILL. Dec., 620-25. 

Some related theorems on triangles and circles. 
Joun D. WiseMAN, JR. Jan., 14-16. 

Some uses of graphing before Descartes. Tuomas 
M. Smiru. Nov., 565-67. 

Square circles. Francis Scuerp. May, 307-12. 

Stalking solid geometry with knife and clay. 
Jack Price. Jan., 47. 

State representatives. May, 387-88. 

Statistics for selected secondary-school students. 
CuHaRLEs M. Brinags, Jr. May, 321-23. 

A study of pupil age and achievement in eighth- 
grade algebra. Dorotuy L. Messier. Nov., 
561-64. 

Suggestions to the applicant for a National Sci- 
ence Foundation institute. Nov., 547-50. 
W. H. Myers. 

Summer seasoning at Kenyon College. DANIEL 
T. FINKBEINER. Apr., 241-45. 

Teaching seventh-grade mathematics by tele- 
vision to homogeneously grouped below- 
average pupils. James N. Jacoss, JoaAN BoL- 
LENBACHER, and Miuprep Kerrrer. Nov., 
551-55. 

“Think-of-a-number” Problems 28 and 29 of 
the Rhind Mathematical Papyrus (B.M. 
10057-8). R. J. Grturnes. Feb., 97-100. 

Tips for beginners. JosepH N. Payne and WIL- 
t1AM C. Lowry. Editors. Jan., 47; Feb., 107- 
10; Mar., 167-71; Apr., 270-72; May, 373- 
77; Oct., 460-61; Nov., 576-78; Dec., 632- 
34. 

Trammel method construction of the ellipse. 
C. I. Lusin and D. Mazxewirtscu. Dec., 609- 
13. 

Trends in the education of secondary-school 
mathematics teachers. Jonn A. ScHUMAKER. 
Oct., 413-22. 

Twenty-first Summer Meeting. May, 386. 

UICSM’s decade of experimentation. WILLIAM 
T. Hare. Dec., 614-19. 

What’s new? Jan., 19; Feb., 81; Mar., 178; Apr., 
228; May, 306; Oct., 426; Nov., 530; Dec., 
608 


William David Reeve. Myron F. Rossxopr. 
May, 389-90. 

Word problems or problems with words, JEROME 
Manuerm. Apr., 234-38. 

Your professional dates. Jan., 54; Feb., 114; 
Mar., 177; Apr., 273; May, 385; Oct., 479; 
Nov., 569; Dec., 619. 
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Subject index 


ABILITY GROUPING 

An evaluation of a secondary-school mathe- 
matics program for able pupils, 324-32. 

Bright seventh- and eighth-grade children 
challenge me, 20-24. 

The high-ability students’ institute at Flag- 
staff, 245-47. 

Intermediate algebra for high-ability high 
school students, 247-49. 

NSF-FSU math campers: evaluations of 
and by the campers, 149-54. 

A research program for gifted secondary- 
school students, 250—54. 

Statistics for selected secondary-school 
students, 321-23. 

Summer seasoning at Kenyon College, 241- 


Ability Testing and Prognosis 
Advanced Placement Examination, Mathe- 
matics Section I, 1958, 211. 
Advanced Placement Examination, Mathe- 
matics Section II, 1959, 212-16. 
The Advanced Placement Program in 
Mathematics, 201-8. 
AFFILIATED GROUPS 
Miscellaneous 
News notes, 38. 
Officers of the NCTM Affiliated Groups, 
378-85. 
ALGEBRA 
Equation Solving 
An analysis of the quadratic, 138-41. 
Graphic solution of a quadratic equation, 
142-44. 
Function Concept 
The logarithm function to the base e—a de- 
velopment for high school seniors, 2-3. 
Miscellaneous 
The additive inverse in elementary algebra, 
538-39. 
Analysis of a spider nomograph, 239-40. 
Axioms in algebra—where did they come 
from? 155-60. 
Complex numbers and loci, 229-33. 
Finite planes and Latin squares, 300-6. 
The fundamental theorem on linear pro- 
gramming, 25-26. 
Nomography, 531-37. 
A Pascal pyramid for trinomial coefficients, 
336-38. 
Some challenging series for gifted high 
school students, 8-11. 
Success in 
A study of pupil age and achievement in 
eighth-grade algebra, 561-64. 
Teaching Methods 
An analysis of the quadratic, 138-41. 
Comments on a note on “‘variable,”’ 173-74. 
Finding illustrative examples and exercises, 
373-77. 
First-degree equations in more than three 
variables, 170-71. 
Graphic solution of a quadratic equation, 
142-44. 


The man in motion, 107-9. 

A note on “‘variable,”’ 172-73. 

On “‘variable’’—a rebuttal, 175-77. 

Products of signed numbers: an inductive 
approach, 169-70. 

Verbal Problems 

A solution for certain types of partitioning 
problems, 556-58. 

‘“‘Think-of-a-number” Problems 28 and 29 
of the Rhind Mathematical Papyrus 
(B.M. 10057-8), 97-100). 

Word problems or problems with words, 
234-38. 

APPLICATIONS OF MATHEMATICS 
Miscellaneous 

Algebra and geometry; mathematics or sci- 
ence? 339-43. 

An application of the law of sines: How far 
must you lead a bird to shoot it on the 
wing? 346-50. 

Science and Medicine 

The geometry of space and time, 505-14. 

Probability and the radioactive disintegra- 
tion process, 606-8. 

ARTICULATION, 
Senior High—College 

The Advanced Placement Program in 
Mathematics, 201-8. 


ARITHMETIC, 
Miscellaneous 
Arithmetic problems 175 years ago, 361-63. 
“One over...,’ 100-1. 


Rapid calculation for the teacher, 270-72. 
ASTRONOMY 
The astonishing prediction in Gulliver's 
Travels, 625-26. 
BIBLIOGRAPHY 
A bibliography for careers in mathematics, 
558-60. 
CoMPUTERS 
Computer programming for high schools 
and junior colleges, 220-23. 
Digital computer—nonelectric, 224-28. 
Digital computer programming in high 
school classes, 217-19. 
HOBLADIC, 212-16. 
HOBLADIC Mk I Mod 1, 423-26. 
CurRRICULUM 
College 
The place of probability and statistics in 
the mathematics curriculum of the senior 
high school and junior college, 316-20. 
Criticisms of 
As another sees us, 40-43. 
High School 
Computer programming for high schools 
and junior colleges, 220-23. 
Digital computer programming in high 
school classes, 217-19. 
An evaluation of a secondary-school mathe- 
matics program for able pupils, 324-32. 
If not solid geometry, then what? 313-15. 
Mathematics in transition, 27-30. 
A mathematics seminar, 109-10. 


642 The Mathematics Teacher | December, 1961 





GED 


GEC 
A 


M 


Ne 
Pl: 


rr 


Sol 
< 


ing 


rus 


ds, 


sci- 


far 
the 


in 


72. 


’ 
er’s 
ics, 
ols 


igh 


3 in 
nior 


-20. 


ools 
nigh 
the- 


-32. 
-15. 





The place of probability and statistics in 
the mathematics curriculum of the senior 
high school and junior college, 316-20. 

Probability and statistics in the twelfth 
year? 540-46. 

A report of a National Science Foundation 
summer institute in mathematics for high 
school students at Columbia, 75-81. 

Statistics for selected secondary-school 
students, 321-23. 

UICSM’s decade of experimentation, 614- 
19. 

Junior High School 

An evaluation of a secondary-school mathe- 
matics program for able pupils, 324-32. 

Introducing the slide rule early, 167-69. 

Miscellaneous 

Could we teach limits? 344-45. 

The high-ability students’ institute at Flag- 
staff, 245-47. 

Improving the program in mathematics in 
Oklahoma schools, 594-99. 

Intermediate algebra for high-ability high 
school students, 247-49. 

NSF-FSU math campers: evaluations of 
and by the campers, 149-54. 

A research program for gifted secondary- 
school students, 250-54. 

Summer seasoning at Kenyon College, 241- 
45. 

GENERAL EDUCATION 
Rigor vs. intuition in mathematics, 66-74. 
GEOMETRY 
Analytic 
Trammel method construction of the 
ellipse, 609-12. 
Curriculum, High School 
If not solid geometry, then what? 313-15. 
Miscellaneous 

Analysis of a spider nomograph, 239-40. 

Does the study of geometry help improve 
reading ability? 12-13. 

Finite planes and Latin squares, 300-6. 

The geometry of space and time, 505-14. 

The International Colloquium on Differen- 
tial Geometry and Topology in Ziirich 
and the celebration of the fiftieth anni- 
versary of the Swiss Mathematical So- 
ciety, 363-65. 

The problem of Apollonius, 444—52. 

Reflections and rotations, 406-10. 

Non-Euclidean 
Square circles, 307-12. 
Plane 

A chain of circles, 134-37. 

Construction and evaluation of trigono- 
metric functions of some special angles, 
4-7. 

High school geometry via ruler-and-pro- 
tractor axioms—report on a classroom 
trial, 353-60. 

Some related theorems on triangles and cir- 
cles, 14-16. 

Solid 

Stalking solid geometry with knife and clay, 

47. 


Teaching Methods 

The development of a concept: a demon- 
tration lesson, 82-84. 

Geometric proof in the eighth grade, 402-5. 

The game of Euclid, 436-39. 

High school geometry via ruler-and-pro- 
tractor axioms—report on a classroom 
trial, 353-60. 

Illustrating locus problems, 272. 

Introducing proof with a finite system, 
351-52. 

Pythagorean converse, 632-34. 

GRAPHS AND GRAPHING 

Complex numbers and loci, 229-33. 

The co-ordinate system of Descartes, 567- 
69. 

Interval graphing, 194-200. 

Some uses of graphing before Descartes, 
565-67. 

HisToRY OF MATHEMATICS 
Famous Mathematicians 

Benjamin Banneker, pioneer Negro mathe- 
matician, 32-37. 

The Cardano-Tartaglia dispute, 160-63. 

Miscellaneous 

The co-ordinate system of Descartes, 567- 
69. 

Some uses of graphing before Descartes, 
565-67. 

Arithmetic problems 175 years ago, 361-63. 

The astonishing prediction in Gulliver’s 
Travels, 625-26. 

Axioms in algebra—where did they come 
from? 155-60. 

A brief history of mathematics in rhyme— 
the early Greeks to the seventeenth cen- 
tury, 365-67. 

The first mathematical dictionary, 255-60. 

Hints for upgrading mathematics instruc- 
tion—new or old? 261-65. 

Historically speaking,—, 32-37, 91-101, 
155-63, 255-65, 361-67, 444-54, 565- 
69, 620-26. 

A history-of-mathematics time strip, 452- 
54 


The International Colioquium on Differen- 
tial Geometry and Topology in Zirich 
and the celebration of the fiftieth anni- 
versary of the Swiss Mathematical So- 
ciety, 363-65. 

Journey to Delos, 91-97. 

Mathematics from the modern viewpoint, 
498-504. 

“One over... ,” 0-1. 

The problem of Apollonius, 444—52. 

Some reflections on Gulliver’s Travels, 620- 
25. 

“Think-of-a-number” Problems 28 and 29 
of the Rhind Mathematical Papyrus 
(B.M. 10057-8), 97-100. 

Humor 
Mr. B., Mr. V., and Mr. M., 405. 
LANGUAGE OF MATHEMATICS 

Comments on a note on “‘variable,’’ 173-74. 

A note on “‘variable,” 172-73. 

On “variable’’—a rebuttal, 175-77. 
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LimITs 
Could we teach limits? 344-45. 
LITERATURE 
Reviews and Evaluations 

Review of Advanced Algebra, Maxwell, 102. 

Review of Adventures in Algebra, Crowder 
and Martin, 368-69. 

Review of Algebra and Trigonometry, 
Cameron, 44-45. 

Review of Algebra I, Brumfiel, Eicholz, and 
Shanks, 629. 

Review of Algebra I, Brumfiel, Eicholz, and 
Shanks, 630. 

Review of Algebra Problems, Russell, 455. 

Review of Analytic Trigonometry, Mostert, 
630. 

Review of Applied Boolean Algebra, An 
Elementary Introduction, Hohn, 368. 

Review of Applied General Mathematics, 
2nd ed., Piper, Gardner, and Gruber, 
455-56. 

Review of The Arithmetic of Computers, 
Crowder, 368-69. 

Review of film, Azioms in Algebra, 575. 
Review of Basic College Mathematics, Sachs, 
Rasmussen, and Purcell, 266. ' 
Review of Basic Concepts of Elementary 

Mathematics, Schaaf, 164. 

Review of Cartesian Geometry of the Plane, 
Hartley, 266-67. 

Review of The Child’s Conception of Geom- 
etry, Piaget, Inhelder, and Szeminska, 
573-75. 

Review of Classical Mathematics, A Concise 
History of the Classical Era in Mathe- 
matics, Hofmann, 165-65. (See also Dec., 
628). 

Review of Companion to School Mathe- 
matics, Boon, 103. 

Review of Elementary Statistics, Hoel, 369- 
70. 

Review of film, Formulas in Mathematics, 
46. 

Reviews of Fun with Mathematics; Number 
Patterns; Sets, Sentences, and Operations; 
Topology, the Rubber-Sheet Geometry; and 
Understanding Numeration Systems, 
Johnson and Glenn, 105-6. 

Review of Fundamentals of College Algebra, 
Durfee, 165. 

Review of Geometry, Brumfiel, Eicholz, and 
Shanks, 103-4. 

Reviews of Handbuch der Schulmathematik, 
Vol. I, Arithmetik Zahlenlehre, and Vol. 
II, Algebra, Wolff, 630-31. 

Review of High School Mathematics: Unit 
5, Relations and Functions, University of 
Illinois Committee on School Mathe- 
matics, 456-57. 

Review of The Higher Arithmetic, An Intro- 
duction to the Theory of Numbers, Daven- 
port, 370. 

Response to reviews of The History of 
Mathematics and Classical Mathematics, 
Hofmann, 627-29. - .... 

Review of Instruction in Arithmetic, Twen- 


ty-fifth Yearbook of the National Coun- 
cil of Teachers of Mathematics, 45-46. 

Review of Intermediate Algebra, Dubisch, 
Hawes, and Bryant, 457-58. 

Review of Intermediate Algebra, Mueller, 
267-68. 

Review of Introduction to Modern Algebra, 
Official Textbook for Continental Class- 
room, Kelley, 370-71. 

Review of An Introduction to Modern Mathe- 
matics, Sloan, 166. 

Review of film, Language of Algebra, 269. 

Review of Mastering Elementary Algebra, 
Manheimer, and Mastering Intermediate 
Algebra, Schlumpf, 458-59. 

Review of Mathematics in Action, Sutton, 
104-5. 

Review of The Modern Aspect of Mathe- 
matics, Félix, 105. 

Review of Modern College Algebra, Mancell 
and Gonzales, 268. 

Review of Modern Mathematics, An Intro- 
tion, Altwerger, 371. 

Review of The Number Story, Freitag and 
Freitag, 372. 

Review of Supplementary Units in Contem- 
porary Arithmetic and Elementary Alge- 
bra, Stein, 372+. 

Review of A Teaching Guide for Slide Rule 
Instruction, Hartung, 268-69. 

Review of The Teaching of Secondary Math- 
ematics, 3rd ed., Butler and Wren, 574— 
75. 

Reviews and evaluations, 44-46, 102-6, 
164-66, 266-69, 368-72, 573-75, 627-31. 

Miscellaneous 

A brief history of mathematics in rhyme— 
the early Greeks to the seventeenth cen- 
tury, 365-67. 

Have you read? 16, 74, 137, 144, 200, 312, 
410, 435, 443, 459, 514, 526, 550, 557, 
626. 

What’s new? 19, 81, 178, 228, 306, 426, 530, 
608. 

LOGARITHMS 

The logarithm function to the base e—a 

development for high school seniors, 2-3. 
Logic 

Constructing logic puzzles, 524. 

Introducing proof with a finite system, 351- 
52 


MATHEMATICS, GENERAL 
Mathematics from the modern viewpoint, 
498-504. 
MEMORIALS 
Elizabeth Marie Gugle, 390. 
William David Reeve, 389-90. 
MoTIVATION 
The psychological appeal of deductive 
proof, 515-19. 
NCTM 
Annual Meetings 
Minutes of the Annual Business Meeting, 
462-65. 
Notice of Annual Business Meeting, 26. 
Registrations at NCTM meetings, 579-81. 
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Bylaws 
Bylaws, 469-71. 
December Meetings 


Registrations at NCTM meetings, 579-81. 


Miscellaneous 
Annual financial report, 466. 
Articles of Incorporation, 468-69. 
More about 1960-61 Committees, 388. 
Report of the Membership Committee, 
474-75. 
Report of the Nominating Committee, 48- 
54. 
Your professional dates, 54, 114, 177, 273, 
385, 479, 569, 619. 
The 1961 budget, 467. 
Officers 
Candidates for office in The National Coun- 
cil of Teachers of Mathematics, 480. 
Committees and Representatives (1961- 
1962), 472-73. 
Committees and Representatives (1960- 
61), 111-13. 
Officers of the NCTM Affiliated Groups, 
378-85. 
State representatives, 387-88. 
Summer Meetings 
Registrations at NCTM meetings, 579-81. 
Twenty-first Summer Meeting, 386. 
OPINIONS AND PHILOSOPHIES 
Abstracting, generalizing, and explaining— 
processes or relations? 600-5. 
Algebra and geometry; mathematics or sci- 
ence? 339-43. 
Comments on a note on “‘variable,’”’ 173-74. 
A note on “‘variable,’’ 172-73. 
On ‘‘variable’—a rebuttal, 175-77. 
An open letter on teaching machines and 
programed instruction, 570-72. 
Points and viewpoints, 40—43, 172-77, 570-— 
72. 


PROBABILITY 

1024 tosses, 576-77. 

Optimal length of play for a binomial game, 
411-12. 

Probability and the radioactive disintegra- 
tion process, 606-8. 

Probability and statistics in the twelfth 
year? 540-46. 

The place of probability and statistics in the 
mathematics curriculum of the senior 
high school and junior college, 316-20. 

PROBLEM SOLVING 
Miscellaneous 

Analysis of a spider nomograph, 239-40. 

An analysis of the quadratic, 138-41. 

An application of the law of sines: How far 
must you lead a bird to shoot it on the 
wing? 346-50. 

The problem of Apollonius, 444-52. 

A chain of circles, 134-37. 

First-degree equations in more than three 
variables, 170-71. 

Graphic solution of a quadratic equation, 
142-44. 

The man in motion, 107-9. 

The minimum fraction of the popular vote 


that can elect the President of the United 
States, 130-33. 

“One over...,’’ 100-1. 

‘“Think-of-a-number” Problems 28 and 29 
of the Rhind Mathematical Papyrus 
(B.M. 10057-8), 97-100. 

Word problems or problems with words, 
234-38. 

PsYCcHOLOGY 
Learning by discovery, 290-99. 
RECREATIONAL MATHEMATICS 

Constructing logic puzzles, 524. 

The game of Euclid, 436-39. 

Mathematical bingo, 577-78. 

RESEARCH 
Educational 

Abstracting, generalizing, and explaining— 
processes or relations? 600-5. 

Could we teach limits? 344-45. 

Does the study of geometry help improve 
reading ability? 12-13. 

An evaluation of a secondary-school mathe- 
matics program for able pupils, 324-32. 

Experimental programs, 27-31, 85-90, 149- 
54, 241-54, 353-60, 440-43, 561-64, 613- 
19. 

The Greater Cleveland Mathematics Pro- 
gram, 1. 

The high-ability students’ institute at 
Flagstaff, 245-47. 

High school geometry via ruler-and-pro- 
tractor axioms—report on a classroom 
trial, 353-60. 

Improved programs in mathematics re- 
quire inservice education for teachers, 
85-89. 

Intermediate algebra for high-ability high 
school students, 247-49. 

Mathematics in transition, 27-30. 

Miami area inservice programs for mathe- 
matics teachers, 89-90. 

Notre Dame’s 1960 summer program for 
gifted high school children, 440—43. 

NSF-FSU math campers: evaluation of and 
by the campers, 149-54. 

A research program for gifted secondary- 
school students, 250-54. 

A study of pupil age and achievement in 
eighth-grade algebra, 561-64. 

Summer seasoning at Kenyon College, 241- 
45. 

Teaching seventh-grade mathematics by 
television to homogeneously grouped 
below-average pupils, 551-55. 

UICSM’s decade of experimentation, 614- 
19. 

StTaTIstTiIcs 

The place of probability and statistics in 
the mathematics curriculum of the senior 
high school and junior college, 316-20. 

Probability and statistics in the twelfth 
year? 540-46. 

Statistics for selected secondary-school 
students, 321-23. 

TEACHER 
Education 
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Improved programs in mathematics require 
inservice education for teachers, 85-89. 

The methods course, 17-19. 

Miami area inservice programs for mathe- 
matics teachers, 89-90. 

Suggestions to the applicant for a Na- 
tional Science Foundation institute, 547- 
50. 

Trends in the education of secondary-school 
mathematics teachers, 413-22. 


TEACHING METHODS 


College 

The methods course, 17-19. 

High School 

The development of a concept: a demon- 
stration lesson, 82-84. 

Finding illustrative examples and exer- 
cises, 373-77. 

First-degree equations in more than three 
variables, 170-71. 

Learning by discovery, 290-99. 

Notre Dame’s 1960 summer program for 
gifted high school children, 440-43. 

Products of signed numbers: an inductive 
approach, 169-70. 

A report of a National Science Foundation 
summer institute in mathematics for 
high school students at Columbia, 75-81. 

Stalking solid geometry with knife and clay, 
47. 


Junior High School 


Bright seventh- and eighth-grade children 
challenge me, 20-24. 

Geometric proof in the eighth grade, 402-5. 

Introducing the slide rule early, 167-69. 

Ninety suggestions on the teaching of 
mathematics in the junior high school, 
145-48. 

Teaching seventh-grade mathematics by 
television to homogeneously grouped 
below-average pupils, 551-55. 


Miscellaneous 


The additive inverse in elementary algebra, 
538-39. 

Formalization and sterilization, 521-23. 

Hints for upgrading mathematics instruc- 
tion—new or old? 261-65. 

Illustrating locus problems, 272. 


Introducing proof with a finite system, 
351-52. 

Let’s say what we mean, 460-61. 

The man in motion, 107-9. 

Mathematical bingo, 577-78. 

Mathematics projects, 527-30. 

A mathematics seminar, 109-10. 

1024 tosses, 576-77. 

An open letter on teaching machines and 
programed instruction, 570-72. 

The psychological appeal of deductive 
proof, 515-19. 

Rapid calculation for the teacher, 270-72. 

Rigor vs. intuition in mathematics, 66-74. 

Some implications of programed instruction 
for the teaching of mathematics, 333-35. 

Tips for beginners, 47, 107-10, 167-71, 270- 
72, 373-77, 460-61, 576-78, 632-34. 
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Teaching seventh-grade mathematics by 
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The International Colloquium on Differen- 
tial Geometry and Topology in Zirich 
and the celebration of the fiftieth anni- 
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Coordinate Systems 
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Stencil Types 
These stencil graph charts can be hung on 
the chart rail and rubbed with a used 
eraser to deposit chalk through the per- 
forations. Size: 36 x 36 inches; on spring 
’ rollers, in metal cases. 
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No. 7058. Polar Coordinates. 
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Slated Type 
Chalk lines can be drawn.on this chart and 
erased with an ordinary eraser. Reversible; 
polar and rectangular coordinates. Size: 
42 x 44 inches; yellow lines on green. 
No. 7068 No. 7068. anes ated and Polar 
Reversible Slated Type . Each, $15.50 
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